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Abstract 

We prove that any ergodic measure-preserving action of an irreducible lattice in 
a semisimple group, with finite center and each simple factor having rank at least 
two, either has finite orbits or has finite stabilizers. The same dichotomy holds for 
Q | many commensurators of such lattices. 

The above are derived from more general results on groups with the Howe- Moore 
property and property (T). We prove similar results for commensurators in such 
groups and for irreducible lattices (and commensurators) in products of at least 
two such groups, at least one of which is totally disconnected. 

> 

^ : 1 Introduction 

On . 

A groundbreaking result in the theory of lattices in semisimple groups is the Margulis Normal 
Subgroup Theorem [Mar 79] , |Mar91j : any nontrivial normal subgroup of an irreducible lattice 
in a center-free higher-rank semisimple group has finite index. In the case of real semisimple 
Lie groups, Stuck and Zimmer |SZ94j generalized this result to ergodic measure-preserving 
actions of such lattices: any irreducible ergodic measure-preserving action of a semisimple 
real Lie group, each simple factor having rank at least two, is either essentially free or 
essentially transitive; and any ergodic measure-preserving action of an irreducible lattice in 
such a semisimple real Lie group either has finite orbits or has finite stabilizers. 

More recently, Bader and Shalom [BSQ6] proved a Normal Subgroup Theorem for irre- 
ducible lattices in products of locally compact groups: any infinite normal subgroup of an 
irreducible integrable lattice in a product of nondiscrete just noncompact locally compact 
second countable compactly generated groups, not both isomorphic to R, has finite index. 

Our purpose is to extend this dichotomy for ergodic measure-preserving actions to ir- 
reducible lattices and commensurators of lattices in semisimple groups, each factor having 
higher-rank, and more generally to lattices in products of at least two groups with the 
Howe-Moore property and property (T). 

The Stuck-Zimmer result follows from an Intermediate Factor Theorem, a generalization 
of the Factor Theorem of Margulis, due to Zimmer [Zim82] and Nevo-Zimmer [NZ99J. A 
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key step in the work of Bader-Shalom is a similar Intermediate Factor Theorem for prod- 
uct groups which they use to show: any irreducible ergodic measure-preserving action of a 
product of two locally compact second countable just noncompact groups with property (T) 
is either essentially free or essentially transitive. One of the main ingredients in our work 
is an Intermediate Factor Theorem for relatively contractive actions which we will discuss 
presently. 

The methods of Bader-Shalom do not appear to yield the same result for actions of 
irreducible lattices in products of groups. The major issue is that inducing an action of a 
lattice may yield an action of the ambient group which is not irreducible but the Intermediate 
Factor Theorem only applies to irreducible actions. The same issue arises when attempting 
to apply the Stuck-Zimmer methods to lattices in semisimple groups with p-adic parts. 

Our techniques are a generalization of the Normal Subgroup Theorem for Commensura- 
tors due to the first author and Shalom [CS12| . [Crellj : if A is a dense commensurator of a 
lattice in a locally compact second countable group that is not a compact extension of an 
abelian group such that A does not infinitely intersect any noncocompact normal subgroup 
then any infinite normal subgroup of A contains the lattice up to finite index; the commen- 
surability classes of infinite normal subgroups of such a commensurator are in a one-one onto 
correspondence with the commensurability classes of open normal subgroups of the relative 
profinite completion. 

The difficulty for lattices does not arise using our techniques as we do not need to induce 
the action of the lattice to the ambient group, but rather analyze the action directly by 
treating the lattice as a commensurator in a proper subproduct. For this, we require precisely 
the object that is the obstruction in the Stuck-Zimmer approach: a totally disconnected 
factor. In this sense, our methods complement those of Stuck and Zimmer and combining 
results we are able to handle all ^-arithmetic lattices. Our methods also lead to results on 
actions of commensurators and allow us to prove the corresponding generalization of the 
Normal Subgroup Theorem of Bader-Shalom to actions of lattices (provided one group in 
the product is totally disconnected). For this generalization, we impose the requirement of 
the ambient groups having the Howe-Moore property as the measurable analogue of just 
noncompactness. 

1.1 Main Results 

We now state the main results of the paper. Recall that an action is weakly amenable when 
the corresponding equivalence relation is amenable. 

Theorem (Theorem 15.11 and Corollary 18. ip . Let G be a noncompact nondiscrete locally 
compact second countable group with the Howe-Moore property. Let V < G be a lattice and 
let A < G be a countable dense subgroup such that A contains and commensurates V and 
such that A has finite intersection with every compact normal subgroup of G. 

Then any ergodic measure-preserving action of A either has finite stabilizers or the re- 
striction of the action to V is weakly amenable. 

If, in addition, G has property (T) then any ergodic measure-preserving action of A either 
has finite stabilizers or the restriction of the action to V has finite orbits. 
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The result on weak amenability applies to all noncompact simple Lie groups-even those 
without higher-rank-and also to automorphism groups of regular trees, both of which have 
the Howe-Moore property [HM79J, [LM92J. One consequence of this is that any ergodic 
measure-preserving action of the commensurator on a nonatomic probability space, which is 
strongly ergodic when restricted to the lattice, has finite stabilizers. 

The additional assumption that the ambient group have property (T) allows us to conclude 
that any weakly amenable action of the lattice, which will also have property (T), has, in 
fact, finite orbits. This also accounts for the requirement in the Stuck-Zimmer Theorem that 
each simple factor have higher-rank. 

Treating lattices in products of groups, at least one of which is totally disconnected, as 
commensurators of lattices sitting in proper subproducts, we obtain the following general- 
ization of the Bader-Shalom Theorem to actions: 

Theorem (Theorem 19. ip . Let G be a product of at least two simple nondiscrete noncompact 
locally compact second countable groups with the Howe-Moore property, at least one of which 
has property (T), at least one of which is totally disconnected and such that every connected 
simple factor has property (T). Let Y < G be an irreducible lattice. 

Then any ergodic measure-preserving action of V either has finite orbits or has finite 
stabilizers. 

Specializing to Lie groups and algebraic groups, we obtain: 

Theorem (Corollary 110.51) . Let G be a semisimple Lie group (real or p-adic or both) with 
no compact factors, trivial center, at least one factor with rank at least two and such that 
each real simple factor has rank at least two. Let V < G be an irreducible lattice. Then any 
ergodic measure-preserving action ofT on a nonatomic probability space is essentially free. 

Theorem (Corollary 110.61) . Let G be a simple algebraic group defined over Q with p-rank 
at least two for some prime p, possibly oo, such that G(r) is either compact or has rank at 
least two. Let S be any (finite or infinite) set of primes containing oo and p. Then every 
ergodic measure-preserving action o/G(Zg) either has finite orbits or has finite stabilizers. 

In particular, we obtain examples of groups without property (T) having uncountably 
many subgroups that admit only essentially free actions: 

Theorem (Corollary II 0. 9[) . Let G be a simple algebraic group defined over a global field 
K such that G has v-rank at least two for some place v and has v^-rank at least two for 
every infinite place v^. Then every nontrivial ergodic measure-preserving action of G(K) is 
essentially free. 

One consequence of this fact is that results from the theory of orbit equivalence, which 
often require that the actions in question be essentially free, apply to all actions of such 
groups. For example, since any nonamenable group cannot act freely and give rise to the 
hyperfinite IL equivalence relation Dye59|. |Zim84j : 

Corollary. Let G be a simple algebraic group defined over a global field K such that G has 
v-rank at least two for some place v and has v^-rank at least two for every infinite place v^. 
Then there is no nontrivial homomorphism of G(K) to the full group of the hyperfinite Hi 
equivalence relation. 
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The above result also holds if we replace the hyperfinite Hi equivalence relation with any 
measure preserving equivalence relation which is treeable, or more generally which has the 
Haagerup property (see [Jol 05j and |Pop06] Theorem 5.4). More generally, if G is a simple 
algebraic group defined over Q and S is a set of primes as in the statement of Corollary 
I10.6l then any homomorphism of G(Zg) into the full group of the hyperfinite Hi equivalence 
relation is precompact (when S is finite this also follows from Robertson |Rob93j ). It seems 
plausible that the above result still holds if we replace the full group of the hyperfinite Hi 
equivalence relation with the unitary group of the hyperfinite Hi factor (see Bekka [Bek07] 
for results in this direction). 

1.2 Stabilizers of Actions and Invariant Random Subgroups 

The results described above can be suitably interpreted in terms of invariant random sub- 
groups. Invariant random subgroups are conjugation-invariant probability measures on the 
space of closed subgroups and naturally arise from the stabilizer subgroups of measure- 
preserving actions. This notion was introduced in |AGV12j where it is shown that, conversely, 
every invariant random subgroup arises in this way ( [AG VI 2] Proposition 13, see also Section 
Obelow). From this perspective the Stuck-Zimmer Theorem |SZ94j then states that semisim- 
ple real Lie groups, with each factor having higher-rank, and their irreducible lattices, admit 
no nonobvious invariant random subgroups and the Bader-Shalom result states the same for 
irreducible invariant random subgroups of products of nondiscrete locally compact second 
countable groups with property (T). Our results can likewise be interpreted in this context. 

The study of stabilizers of actions dates back to the work of Moore, [AM66] Chapter 2, 
and Ramsay, |Ram71j Section 9 (see also Adams and Stuck [AS93J Section 4). Bergeron 
and Gaboriau [BG04j observed that invariant random subgroups behave similarly to normal 
subgroups and this topic has attracted much recent attention: |ABB + llj . |AGV12j . |Bowl2j . 
[GSISj . [GTiTT] . jVerTT] . jVerT2] . 

Our work, like that of Stuck and Zimmer, rules out the existence of nonobvious invariant 
random subgroups for certain groups. This stands in stark contrast to nonabelian free groups, 
which admit a large family of invariant random subgroups [Bow 12] . Even simple groups can 
admit large families of nonfree actions: Vershik showed that the infinite alternating group 
admits many such actions |Verl2j . Another class of examples can be found by considering 
the commutator subgroup of the topological full group of Cantor minimal systems, which 
were shown to be simple by Matsui [Mat06j (and more recently to also be amenable by 
Juschenko and Monod |JM12j ). 

The main contribution to the theory we make here is introducing a technique, based 
on joinings, that allows us to formulate meaningful definitions of notions such as contain- 
ment and commensuration for invariant random subgroups that extend the usual notions for 
subgroups: 

Definition (Definition 13. 7p . Two invariant random subgroups are commensurate when there 
exists a joining such that almost surely the intersection has finite index in both. 

The joinings technique may be of independent interest and should allow for more general 
definitions of properties of invariant random subgroups akin to those of subgroups. We use 
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this definition to formulate a one-one correspondence: 

Theorem (Theorem HO.ip . Let G be a semisimple Lie group (real or p-adic or both) with 
finite center where each simple factor has rank at least two. Let V < G be an irreducible 
lattice and let A < G be a countable dense subgroup such that A contains and commensurates 
r and such that A has finite intersection with every proper subf actor of G. 

Then any ergodic measure-preserving action of A either has finite stabilizers or the re- 
striction of the action to V has finite orbits. 

Moreover, the commensurability classes of infinite ergodic invariant random subgroups of 
A are in one-one, onto correspondence with the commensurability classes of open ergodic 
invariant random subgroups of the relative profinite completion A//T. 

1.3 Relatively Contractive Maps 

Strongly approximately transitive (SAT) actions, introduced by Jaworski in [Jaw94j . |Jaw 95j . 
are the extreme opposite of measure-preserving actions: an action of a group G on a proba- 
bility space (X, u), with v quasi- invariant under the G-action, such that for any measurable 
set B of less than full measure there exists a sequence g n G G which "contracts" B, that is 
u(g n B) -> 0. 

We introduce a relative version of this property, akin to relative measure-preserving, by 
saying that a G-equivariant map 7r : (X, v) —> (Y, rf) between G-spaces with quasi-invariant 
probability measures is relatively contractive when it is "contractive over each fiber" (see 
Section H] for a precise definition). This is a generalization of the notion of proximal maps, 
which can also be thought of as "relatively boundary maps" in the context of stationary 
dynamical systems. 

Following |FG10j . we say a continuous action of a group G on a compact metric space 
X with quasi-invariant Borel probability measure v G P{X) is contractible when for every 
x G X there exists g n G G such that g n v — > S x in weak*. Furstenberg and Glasner |FG10] 
showed that an action is SAT if and only if every continuous compact model is contractible. 

We generalize this to the relative case and obtain that a G-space is a relatively contractive 
extension of a point if and only if it is SAT. For this reason, we adopt the somewhat more 
descriptive term contractive to refer to such spaces. 

Contractive spaces are the central dynamical concept in the proof of the amenability 
half of the Normal Subgroup Theorem for Commensurators |CS12j . |Crellj and have been 
studied in the context of stationary dynamical systems by Kaimanovich |Kai02j . Jaworski 
introduced the notion as a stronger form of the approximate transitivity property of Connes 
and Woods [CW85] to study the Choquet-Deny property on groups and showed that Poisson 
boundaries are contractive. The main benefit contractive spaces offer over boundaries is 
greater flexibility in that one need not impose a measure on the group. 

We show that relatively contractive maps are essentially unique: 

Theorem (Theorem 14.27ft . Let ip : (X,v) — > (Y,i]) be a relatively contractive G-map and 
let tt : (X,i/) — > (ZjC) an d t-P '■ (Z,() ~~ ^ (Y->v) be G-maps such that (p o n = tp. Let 
7r' : (X, v) —> (Z, (') and ip' : (Z, (') —> (Y, 77) be G-maps such that ip' o n' = ip and such that 
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the disintegrations of £ and £' over rj are in the same measure class almost surely. Then 
( = C' , 7i = 7r' almost surely and (p — tp' almost surely. 

This uniqueness is crucial to the proof of the Intermediate Contractive Factor Theorem: 

Theorem (Theorem I4.38|) . Let V < G be a lattice in a locally compact second countable 
group and let A contain and commensurate T and be dense in G. 

Let 7r : (X, u) — > (Y, rf) be a relatively contractive G-map of A-spaces. Let (Z, () be a A- 
space such that there exist T-maps <p : (X, v) — > (Z, () and p : (Z, () — > (Y, rj) with pop = ix . 
Then <p and p are A-maps, (Z, Q is A-isomorphic to a G-space and over this isomorphism 
the maps <p and p become G-maps. 

We will actually need a stronger version of the Intermediate Factor Theorem (Theorem 
I4.40p which can be viewed as a "piecewise" or groupoid version in line with the virtual groups 
of Mackey [Mac66j . 

We also show that relatively contractive is orthogonal to relatively measure-preserving: 
any map which is both relatively contractive and relatively measure-preserving is necessarily 
an isomorphism. Extending this, we prove: 

Theorem (Theorem 14. 291 and Corollary 14. 301) . Let (X, v) be a contractive G-space and (Y,rj) 
be a G-space. Then there is at most one joining such the projection to X is relatively measure- 
preserving. 

In particular, if (Y, 77) is a measure-preserving G-space then any joining such that the 
projection to X is relatively measure-preserving is the independent joining. 

Relatively contractive maps also allow us to answer a question of Shalom |Sha] regarding 
the behavior of contractive actions restricted to lattices: 

Theorem (Theorem 14.361) . Let T be a lattice in a locally compact second countable group G 
and let (X, v) be a contractive G-space. Then the restriction of the action to T makes (X, v) 
a contractive T-space. 

1.4 Outline 

We now outline the structure of the paper. In the next section, we recall basic facts and 
definitions about lattices and commensurators, group actions on measure spaces, the Howe- 
Moore property and semisimple groups and their lattices, and state precisely the theorems of 
Stuck and Zimmer, Bader and Shalom, and the first author and Shalom, mentioned above. 

In Section [31 we discuss invariant random subgroups and explain the joinings technique 
used to define commensurability for invariant random subgroups. 

We introduce the definition of relatively contractive maps in Section H] and prove a series 
of facts about these maps. These results culminate in the proof of the Intermediate Factor 
Theorem and along the way recover most known results on contractive spaces. 

Having then introduced the two main ingredients, in Section [5] we prove that the restriction 
of the action of a commensurator to a lattice is weakly amenable, provided the ambient 
satisfies appropriate hypotheses. This is a key step that all our further results follow from. 
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In Section [61 we rephrase the results of Section [5] in terms of invariant random subgroups in 
order to prove the one-one correspondence. 

In Section 0, we explain how the Howe- Moore property ensures that the ambient group 
satisfies the necessary conditions on its actions to apply the results from Sections and EJ 
In Sections [S] and [HI we derive the consequences for lattices and commensurators in Howe- 
Moore groups with property (T). We conclude with Section [TU1 specializing to the case of 
semisimple groups. 

1.5 Acknowledgments 

The authors would like to thank N. Monod and C. Houdayer for some helpful remarks on 
an initial draft of the paper, A. Salehi Golsefidy for pointing out the example of lattices and 
commensurators in algebraic groups over fields with positive characteristic, and R. Tucker- 
Drob for allowing us to present an argument of his |TD12] in the proof of Corollary 17.61 
which simplifies our approach in the non-torsion-free case. 

2 Preliminaries 

2.1 Commensuration 

2.1.1 Commensurators of Lattices 

Definition 2.1. Let G be a locally compact second countable group. A subgroup r < G is 
a lattice when it is discrete and there exists a fundamental domain for G/Y with finite Haar 
measure. A lattice is irreducible when the projection modulo any noncocompact closed 
normal subgroup is dense. 

Definition 2.2. Let A and B be subgroups of a group G. Then A and B are commensurate 
when Ad B has finite index in both A and B. 

Definition 2.3. Let G be a group. A subgroup A < G commensurates another subgroup 
r < G when for every A G A the group T R ArA -1 has finite index in both T and ArA -1 . 
When T < A is a subgroup of A we will write 

r< c A 

to mean that T is a commensurated subgroup of A. 

Definition 2.4. Let r < G be a lattice in a locally compact second countable group. Then 

Comm G (T) = {g G G : [T : T n ^r^ 1 ] < oo and [gYg' 1 : V n ^L^ 1 ] < oo} 
is the commensurator of V in G. 

2.1.2 The Relative Profinite Completion 

We recall the construction and some basic facts about the relative profinite completion of 
commensurated subgroups. This construction has appeared in the study of commensurated 
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subgroups |Sch80j . jTzaOOj . |Tza03j . |CM09j and the reader is referred to |SW09j and jCrellj 
for more information and proofs of the following basic facts. 

Definition 2.5. Let T < c A be countable groups with A commensurating a subgroup T. 
Define the map r : A — > Symm(A/r) to be the natural mapping of A to the symmetry group 
of the coset space. Endow Symm(A/r) with the topology of pointwise convergence. Then 
Symm(A/r) is a Polish group since A is countable but in general is not locally compact. 
The relative profinite completion of A over T is 

A//r :=7(A). 

Theorem 2.6. Let T < c A. The relative profinite completion A//T is a totally disconnected 
locally compact group and t(T) is a compact open subgroup. 

Proposition 2.1.1. Let T < c A. Then A//Y is compact if and only if [A : V] < oo. In 

particular, A//Y is finite if and only if it is compact. 

Proposition 2.1.2. Let V < c A. Then A//Y is discrete if and only if there exists T < T 
such that [r : T ] < oo and T < A. 

Proposition 2.1.3. Let T < c A. Then r(A) n t(T) = r(T) and r" 1 (r(r)) = T. 

Proposition 2.1.4. Let H be a totally disconnected locally compact group and K be a com- 
pact open subgroup of H. Define th,k '■ H — > Sjmm(H/K) as before (K is necessarily 
commensurated by H). Then th,k is a continuous open map with closed range. 

Moreover H //K is isomorphic to Hfk.er(TH,K) and in fact\er{TH,K) is the largest normal 
subgroup of H that is contained in K. 

Proposition 2.1.5. Let B < A be any countable groups. Let H be a locally compact totally 
disconnected group andK < H a compact open subgroup. Let cp : A — >• H be a homomorphism 
such that ip(A) is dense in H and tp~ l (K) = B. 
Then B < c A and B // A is isomorphic to H//K. 

2.2 Group Actions on Measure Spaces 

Throughout the paper, we will always assume groups are locally compact second countable 
and that measure spaces are standard probability spaces (except when otherwise stated). 

2.2.1 Free and Transitive Actions 

Definition 2.7. A group G acts on a space X when there is a map G x X — > X, written 
gx, such that g(hx) = (gh)x. For v e P{X) a Borel probability measure on X, we say 
that v is quasi-invariant when the G-action preserves the measure class and invariant or 
measure-preserving when G preserves v. 

We write G rx (X, v) and refer to (X, v) as a G-space when G acts on X and v G P(X) 
is quasi- invariant and the action map G x X — > X is Haar x //-measurable. 
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Definition 2.8. Let G rx (X, v). The stabilizer subgroups are written 

stabc(^) = {g E G : gx = x} 
and when r < G is a subgroup we write 

stabr(a;) = {7 6 T : 71 = 1} = stabc(a;) fl T 
for the stabilizer of x when the action is restricted to T. 

Definition 2.9. G rx (X, v) is essentially transitive when for some x E X the orbit Gx 
is conull in X. 

Note that an essentially transitive ergodic action of a countable group means the space is 
atomic (hence, in the case of measure-preserving actions, finite). 

Definition 2.10. G rx (X, v) is essentially free when for almost every x E X the stabilizer 
group stabc(x) is trivial. 

Definition 2.11. G rx (X, v) has finite stabilizers when for almost every x the stabilizer 
subgroup stabc(a;) is finite. 

Definition 2.12. G rx (X,v) has finite orbits when for almost every x the orbit Gx is 
finite. 

Definition 2.13. G rx {X,v) is ergodic when every G-invariant measurable set is either 
null or conull. 

Definition 2.14. G rx (X,u) is irreducibly ergodic or simply irreducible when every 
nontrivial normal subgroup of G acts ergodically on (X, v). 

2.2.2 Factor Maps 

Definition 2.15. Let G be a locally compact second countable group and it : (X, v) — > (Y, rj) 
a measurable map such that -k*v = 77 and ir(gx) = g7i(x) for all g E G and almost every 
x E X. Such a map ir is a G-map of G-spaces. 

Definition 2.16. Given a measurable map tt : X — > Y the push-forward map 7r* : 

P(X) — > P(Y), mentioned above, is defined by (tt*i/)(B) = v(it~ 1 (B)) for B C Y measurable. 

In order to relativize properties of G-spaces to G-maps, we will need to focus on the 
behavior of the disintegration measures over a G-map. Recall that: 

Definition 2.17. Let n : (X, v) — > (Y,rj) be a G-map of G-spaces. Then there exist almost 
surely unique measures D 7V (y), called the disintegration measures, such that D w (y) is 
supported on n^iy) and f D 7T (y) drj(y) = v. 

Of course, the disintegration measures correspond to the conditional expectation at the 
level of the function algebras: if 7r : (X, v) — > (Y, 77) then the algebra {/o7r : / E L°°(Y, 77)} is 
a subalgebra of L°°(X, v) and the disintegration measures define the conditional expectation 
to this subalgebra. 
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2.2.3 Joinings 

We will make use of the concept of joinings of G-spaces both to study relatively contractive 
maps and to work with invariant random subgroups. The reader is referred to |Gla03] for 
more information. 

Definition 2.18. Let (X, v) and (Y, r\) be G-spaces. Let a G P(X x Y) such that (pr x )*a: = 
v, (pr Y )*<y = T) and a is quasi-invariant under the diagonal G-action. The space (X x Y, a) 
with the diagonal G-action is called a joining of (X, v) and (Y, 77). 

Definition 2.19. A joining a of G-spaces is G-invariant when a is G-measure-preserving 
under the diagonal action. 

Definition 2.20. Let (X, v) and (Y, 77) be G-spaces. The space (X x Y, v X r\) with the 
diagonal G-action is the independent joining of (X, v) and (Y, 77). 

Proposition 2.2.1. Let a G P{X x Y) be a joining of the G-spaces (X, u) and (Y, if). 
Consider the projection p : X x Y — > Y . The disintegration of a over rj via p is of the form 
Dpiy) = a y x $y f or some a y G P(X) almost surely. 

Definition 2.21 f |Gla03j Definition 6.9). Let (X,u), (Y,r}) and (Z,Q be G-spaces and let 
a be a joining of (X, v) and (Y, rj) and (3 be a joining of (Y, v) and (Z, (). Let a y G P(X) 
and P y G P{Z) be the projections of the disintegrations of a and over rj. The measure 
p G P(X x Z) by 



a y x ^ dr7(y) 



Y 



is the composition of a and /3. 



Proposition 2.2.2 QGla03j Proposition 6.10). The composition of two joinings is a joining. 
If two joinings are G-invariant then so is their composition. 



2.2.4 Induced Actions 

We recall now the construction of the induced action from a lattice to the ambient group, 
see, e.g., |Zim84j . 

Let T < G be a lattice in a locally compact second countable group and let (X, v) be a 
T-space. Take a fundamental domain F for G/Y such that e G F. Let m G P(F) be the 
Haar measure of G restricted to F and normalized to be a probability measure on F. Define 
the cocycle a : G x F — > Y by a(g, f) = 7 such that gfj G F and observe that such a 7 
is unique so this is well-defined. Note that a(gh, f) = a(h, f)oc(g, hfa(h, /)) meaning a is 
indeed a cocycle. We also remark that a(f, e) = e for / G F and that 0(7, e) = 7' 1 for 
7 G T. Consider now the action of G on F x X given by 

9 ■ {f, x) = (gfa(g, /), /) _1 x) 

and observe that the measure mxi/is quasi-invariant under this action. So (F x X, m x z/) 
is a G-space. 
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Also consider the T-action on (G x X, Haar x v) given by 

7 ■ (jg,x) = (gj' 1 ,^) 

and observe that this is quasi- invariant as well. Since the F-action on G/Y is proper the 
space of T-orbits of G x X under that action is well-defined and we denote it by G x r X and 
write elements as [g, x}. Define a G-action on G x r X by h ■ [g, x] = [hg, x]. 

Define the map r : FxX — > Gx r X by r(/, x) = [/, x] and the map p : Gx r X — >■ FxX by 
p([g,x]) = (ga(g,e),a(g,e)~ 1 x). Observe that p is well-defined since a(gj,e) = 7 _1 a(g,e). 

Clearly, r(p([g,x])) = [g,x] and p(r(f,x)) = (f,x) so these maps invert one another. 
Moreover, 

r (g ■ (f, x)) = [gfa(g, f), a(g, f)~ 1 x\ = [gf, x] = g ■ [f, x] = g ■ r(f, x) 

and similarly, p(h- [g,x]) = h-p([g, x]) so r and p are inverse G-isomorphisms of (FxX, mx v) 
and [G x r X, a) where a — r*(m x v) . 

These isomorphisms show that the construction defined is independent of the fundamental 
domain chosen and we define the induced action to G of Y r\ (X, v) to be the G-space 
(G x r X, a). 

2.2.5 Induced Maps 

Let T < G be a lattice in a locally compact second countable group. Let tt : (X, v) — > (Y, rj) 
be a T-map of T-spaces. Fix a fundamental domain F for G/Y and m G P(F) as above. 
Define the map $ : (F x X, m x v) — > (F x Y, m x r/) by $(/, x) = (f, ir(x)). Then 

Hg ■ (f, x)) = (gfa(g, f), ir(a(g, = (gfa(g, /), a(</, /) _1 vr(x)) = 5 • $(/, x) 

so $ is a G-map of G-spaces. Let LT : (G Xr X, a) — >• (G Xp y, /3) be the image of $ over the 
canonical isomorphisms defined above for the induced actions. 

The G-map LT between the induced G-spaces is referred to as the induced G-map from 
the F-map n. 

2.2.6 Continuous Compact Models 

We will need a basic fact about the existence of compact models. This result does not appear 
explicitly in the literature but the proof is essentially contained in |Zim84j . 

Definition 2.22. Let (X, v) be a (measurable) G-space. A compact metric space Xo and 
fully supported Borel probability measure z/ G P{X ) is a continuous compact model 

of (X, u) when G acts continuously on X and there exists a G-equivariant measure space 
isomorphism (X, v) — > (X , u Q ). 

Definition 2.23. Let tt : (X, v) — > (Y,tj) be a measurable G-map of (measurable) G-spaces. 
Let Xo and Yq be compact metric spaces on which G acts continuously and let ttq : Xo — > Yq 
be a continuous G-equivariant map. Let v Q G P(X Q ) and i] G P(Y ) be fully supported Borel 
probability measures such that (7r )*^o — Vo- The map and spaces tt : (X , z/ ) —> {Y ,rj ) is 
a continuous compact model for the G-map it and G-spaces (X, v) and (Y, rj) when there 
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exist G-equivariant measure space isomorphisms $ : (X, v) — > (X , v ) and $ : (Y, rf) — )■ 
(Yo, ?7o) such that the resulting diagram commutes: n = o ttq o $. 

Lemma 2.2.3 (Varadarjan |Var63j ) . Let G be a locally compact second countable group and 
7i : (X, v) — > (Y, rf) a G-map of G-spaces. Then there exists a continuous compact model for 

IT. 

Proof. Let X be a countable collection of functions in L°°(X, v) that separates points and let 
y be a countable collection in L°°(Y, rf) that separates points. Let J 7 = X U {f on : / e y}. 
Let B be the unit ball in L°°(G, Haar) which is a compact metric space in the weak* topology 
(as the dual of L 1 ). 

Define X 00 = YlfeT^ an< ^ ^oo = Ylfey ^> both of which are compact metric spaces using 
the product topology. Define n 00 : X 00 — > Y 00 to be the restriction map: for f E y take the 
ph coorc ii na tje of 7r o(xoo) to be the (/ o i\) th coordinate of x o- Then 7i 00 is continuous. 

Define the map $ : X — > X 00 by $(a;) = (<pf(x))f e jr where (<pf(x))(g) = f(gx). Then 
$ is an injective map (since T separate points). Observe that ((pf(hx))(g) = f(ghx) = 
((fif(x))(gh). Consider the G- action on Xoo given by the right action on each coordinate. 
Then G acts on X o continuously (and likewise on Y 00 continuously) and $ is G-equivariant. 
Similarly, de fine ^ : Y — >• Y 00 by ^(y) = ( ipf(y) )fey where (ijj f (y))(g) = f(gy). 

Let X = $(X), let v§ = <3>*i/, let Y = ^(Y), let r/ = ^*f] and let 7r be the restriction of 
7T o to X . Then $ : (X, v) — > (X ,z/ ) and \1/ : (Y, rf) — >• (Y ,?7o) are G-isomorphisms. Since 
(i/>f(ir(x)))(g) = f{gn{x)) = fo7c{gx) = (<p fon (x))(g), tt { x o) = Y and ^0^0$ = tt. □ 

2.3 Equivalence Relations 

Definition 2.24. Let G rx (X, v) be a measure-preserving action. The equivalence rela- 
tion generated by the action is given by R where xRy when there exists g E G such that 
gx = y. 

Definition 2.25. The equivalence relation Rg^(x,u) is amenable when there exists a se- 
quence of nonnegative function p n : R — > R such that 

• Pn,x E ^([x]) for almost every x where [x] is the equivalence class of x and p n ,x(y) = 
p n (x,y) is defined on y E [x] 

• llPn.zll^ 1 = 1 

• there exists a Borel /^-invariant conull set Xq such that \\p n ,x — Pn^We 1 — > as n — ?■ 00 
for all xRy with x, y E X 

Lemma 2.3.1. Let G rx (X, v) be a measure-preserving action such that the associated 
equivalence relation is amenable. Then the equivalence relation associated to almost every 
G-ergodic component of (X, v) is amenable. 

Proof. The definition of amenable equivalence relation is formulated solely in terms of the 
behavior on orbits which of course each lie in a single ergodic component. □ 
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2.4 Weak Amenability of Actions 

Definition 2.26 (Zimmer). Let G rx (X,v) be a measure-preserving action. Let E be a 
separable Banach space and write El for the unit ball in the dual of E. Let a : G x X — > 
lso(E) be a cocycle. Denote the dual cocycle a* by a*(g, x) = (a(g, a;) -1 )*. Let A x C E* be 
a closed convex nonempty set for almost every x such that a*(g, x)A gx = A x . Consider the 
space 

F(X, {A x }) = {</? : X ->• E{ | (p{x) G A x for a.e. x}. 

This is a closed convex compact subset of L°°(X, E{) which is G-invariant under the a*- 
twisted action. Such a space A = F(X, {A x }) is called an affine G-space over (X, v). 

Definition 2.27. The cocycle a is called orbital when a(g,x) = e for all g G stab<3(x) for 
almost every x. The affine G-space A is called an orbital affine G-space when a is orbital. 

Definition 2.28. G rx (X, v) is amenable when for every affine G-space A over (X, u) 
there exists an a*-invariant function / : X — )■ E{ such that f(x) G A x for almost every 
x: a*-invariant means f{gx) = a*(g,x)f(x). G rx (X, z/) is weakly amenable when that 
condition holds for all orbital affine G-spaces over (X, v). 

Theorem 2.29 (Zimmer |Zim77j ) . The equivalence relation generated by the action G rv 
(X, v) is amenable if and only if the action is weakly amenable. 

Theorem 2.30 (Connes-Feldman- Weiss |CFW8lj . Stuck-Zimmer [SZ94J). Let G be a group 
with property (T) and G rv (X, v) be an ergodic measure-preserving action. Then G rx (X, v) 
is weakly amenable if and only if G rx (X, v) is essentially transitive. 

Proposition 2.4.1. Let T be a discrete countable group with property (T) and T rx {X,u) 
a measure-preserving action (not necessarily ergodic) that is weakly amenable. Then almost 
every Y -orbit is finite. 

Proof. Since the action is weakly amenable, the associated equivalence relation is weakly 
amenable by Theorem 12.291 By Lemma 12.3.11 then the equivalence relation on almost every 
ergodic component is amenable. Therefore the action on almost every ergodic component 
is weakly amenable by Theorem 12.291 and so by Theorem 12.301 the action on almost every 
ergodic component is essentially transitive. Since T is discrete, for an ergodic component 
(Y, if) with y such that g{Ty) = 1 it follows that gi'yy) > for some 7 G T and then by 
the invariance of g that g^y) is constant and nonzero over V hence Ty must be a finite set. 
As this holds for almost every ergodic component then almost every T-orbit in X must be 
finite (though the size of each orbit can vary over the ergodic components). □ 

We will make use of the following standard facts due to Zimmer [Zim84j: 

Proposition 2.4.2 (Zimmer |Zim84] ) . Let G be a locally compact second countable group. 
Then G acts amenably on any of its Poisson Boundaries. 

Proposition 2.4.3 (Zimmer |Zim84] ) . Let G act amenably on (X, v) and H < G be any 

closed subgroup. Then H acts amenably on (X, v). 
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Proposition 2.4.4 (Zimmer |Zim84j ). Let G act amenably on (X,u) and let (Y,r)) be any 
G-space. Then G acts amenably on (X x Y, v x 77) (with the diagonal action). 

Proposition 2.4.5 (Stuck-Zimmer [SZ94J). Let G act amenably on (Y,r)) and A be an affine 
G-space over a G-space (X,u). Then there exist measurable G-maps Y x X — > A — » X 
composing to the natural projection to X. 

We include a proof since the above statement does not appear explicitly in the literature 
(though it is proved implicitly in [SZ94J). 

Proof. Let p : A — > X be the G-map given by the projection to X: for (x, /) e X x a * E* 
let p(x,f) = x (here a is the cocycle defining the action on A). Define the cocycle : 
G x (Y x X) -)> Iso(E) by 0(g,y,x) = a(g,x) and set = A 2 . Then f3*(g,y,x)C gy:gx = 
a*(g,x)A gx = A x = C y}X making F(Y x X, {C y>x }) an affine G-space over (Y x X,r] x v). 

By Proposition I2.4.4[ G acts amenably on (Y x X, rj x v) hence there exists a fixed 
point 7r : Y x X — > E{ such that n(y,x) G C yjX = A x for almost every y, x and such that 
0*(g, y, x)n(gy, gx) = ir(y, x) for all g e G and almost every y, x. Note that po7r : YxX — > X 
is the natural projection and therefore we have constructed the necessary maps. □ 

2.5 The Howe-Moore Property 

The Howe- Moore property was first proven for simple Lie groups by Howe and Moore [HM79J . 
The reader is referred to [Zim84j . 

Definition 2.31. A group G has the Howe-Moore property when for every irreducible 
unitary representation of G on a Hilbert space the matrix coefficients vanish at infinity. 

The following is Theorem 3.6 in |Sch84] : 

Theorem 2.32 (Schmidt [Sch84]). A group has the Howe-Moore property if and only if 
every ergodic measure-preserving action is mixing. 

A consequence of Rothman's work on connected Howe-Moore groups and minimally al- 
most periodic groups is: 

Theorem 2.33 (Rothman |Rot80j). A simple connected group with the Howe-Moore property 
is a Lie group. 

We also make use of the following well-known facts: 

Proposition 2.5.1. Any proper closed normal subgroup of a Howe-Moore group is compact. 

Proposition 2.5.2. Any proper open subgroup of a Howe-Moore group is compact. 

2.6 Properties of Lie and Algebraic Groups 

We note the following well-known facts |HM79] . |Kaz67] . |Zim84] . |Mar91] and |Ben04| . 

Theorem 2.34. Simple real and p-adic Lie groups have the Howe-Moore property. 
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Theorem 2.35. Higher-rank simple real and p-adic Lie groups have property (T). 

Theorem 2.36. Irreducible lattices in higher-rank semisimple real and p-adic Lie groups 
(and combinations thereof) have dense commensurators. 

Definition 2.37. Let G be a simple algebraic group over Q. Let S be a finite set of primes. 
Denote by Zg the S'-integers: Z adjoin 1 /p for each p G S. Then G(Zs) is a lattice in 
ripesu{oo} G(Q P ) where Qoo = R (theorems of Borel and Harish- Chandra and of Borel). 

Let G be a group such that (ft : ripesu{oo} G(Q P ) — > G is an onto homomorphism with 
compact kernel. Let T < G such that rn0(G(Zs)) has finite index in both T and 0(G(Zg)). 
Then T is a lattice in G and is called ^-arithmetic. 

Theorem 2.38 (Margulis |Mar91J). Let G be a higher-rank semisimple Lie group (real and 
p-adic factors allowed) with no compact factors and V < G an irreducible lattice. Then V is 
S -arithmetic. 

Theorem 2.39 (Margulis |Mar91j ). Let K be a global field, let V be the set of places (in- 
equivalent valuations) and let the infinite places (archimedean valuations in the case of a 
number field). Write K v for the completion of k over a valuation v & V . Let G be a simple 
algebraic group defined over K . Then G(K V ) has the Howe-Moore property for every v G V 
where G(K V ) is noncompact. If G has v-rank at least two then G(K V ) has property (T) for 
every v G V . 

2.7 The Stuck-Zimmer Theorem 

Theorem 2.40 (Stuck-Zimmer [SZ94] h Let G be a connected semisimple Lie group with 
finite center such that each simple factor of G has R-rank at least two. Then any faith- 
ful, irreducible, finite measure-preserving action of G is either essentially free or essentially 
transitive. 

Theorem 2.41 (Stuck-Zimmer |SZ94] ) . Let G be a connected semisimple Lie group with 
finite center such that each simple factor of G has R-rank at least two. Let V < G be an 
irreducible lattice in G. Then any finite measure-preserving action of V either has finite 
orbits or has finite stabilizers. 

We remark that this is a generalization of Margulis' theorem since one can always con- 
struct Bernoulli shift actions with the normal subgroup being the stabilizer almost surely. 

2.8 The Normal Subgroup Theorem for Commensurators of Lattices 

Theorem 2.42 (Creutz-Shalom |CS12j ). Let G be a compactly generated locally compact 
group that is not a compact extension of an abelian group. Let V be an integrable lattice in 
G and let A < G be dense in G such that V < c A. Assume that for every closed normal 
subgroup M of G that is not cocompact that M PI A is finite. Then for any infinite normal 
subgroup N < A it holds that [T : F fl N] < 00. 

Moreover, there is a one-one, onto correspondence between commensurability classes of 
infinite normal subgroups of A and commensurability classes of open normal subgroups of the 
relative profinite completion A//T. 
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We remark that the requirement that T be integrable can be dropped if the ambient group 
G is known to have property (T) since integrability is used only in the proof to handle the 
case when T does not have property (T) (see |CS12j ). Likewise, the compact generation 
assumption can be dropped since property (T) implies it. 

3 Invariant Random Subgroups 

Invariant random subgroups are the natural context for the presentation of some of our 
results. We recall here the definition and a basic construction, introduce a definition of 
commensurability for invariant random subgroups and explain how the technique employed 
can be used to define relationships between invariant random subgroups. 

Definition 3.1. Let G be a group. The space of closed subgroups S(G) is a compact topo- 
logical space (with the Chabauty topology) and G acts on it by conjugation. An invariant 
random subgroup of G is a probability measure v £ P(S(G)) that is invariant under the 
conjugation action. 

3.1 Measure-Preserving Actions 

Let G be a group and G r\ (X, v) be a measure-preserving action. Then the mapping 
x (->■ stab G (a;) sending each point to its stabilizer subgroup defines a Borel map X — > S(G) 
QAM66J Chapter 2, Proposition 2.3). Let 7] be the pushforward of v under this map. Observe 
that stabc^ga;) = gstabcix) g^ 1 so the mapping is a G-map and therefore r] is an invariant 
measure on S(G). Hence G r\ (X, v) gives rise in a canonical way to an invariant random 
subgroup of G defined by the stabilizer subgroups. 

3.2 Invariant Random Subgroups Always Arise Prom Actions 

In fact the converse of this is also true: any invariant random subgroup can be realized as 
the stabilizer subgroups of some measure-preserving action: 

Theorem 3.2 (Abert-Glasner-Virag |AGV12j ). Let rj e P(S(G)) be an invariant random 
subgroup of a countable group G. Then there exists a measure-preserving G-space (X, v) 
such that rj is the invariant random subgroup that arises from the stabilizers of the action. 

In our setting, we consider invariant random subgroups of nondiscrete locally compact 
groups and so we need to generalize the result of Abert, Glasner and Virag to the locally 
compact case. We make use of the Gaussian action construction: for a separable Hilbert space 
H one can associate a probability space (Y#, vh) and an embedding p : H — > L 2 (Y#, vjj) such 
that for any orthogonal T : H — )■ K between Hilbert spaces there is a measure-preserving 
map Vr : (Yh, Vjj) — > (Y K ,v K ) such that p(T(£)) = p(£) o V^T 1 and that for T : H — > K 
and S : K — > L, V$ ° Vt = Vg T almost everywhere for each fixed pair S, T. The reader is 
referred to Schmidt [Sch96j for details. 

Theorem 3.3. Let G be a locally compact second countable group. Given an invariant 
random subgroup (S(G),rj) there exists a measure-preserving G-space (X,v) such that the 
G-equivariant mapping x !->■ stabc(x) pushes v to r\. 
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Proof. Decompose S(G) into into the conjugation invariant Borel sets Si = {H < G : 
H is cocompact in G} and 52 = S(G) \ Si. For each H G Si let (Yh, t/h) be Yh = G/H and 
t)h the Haar measure normalized to be a probability measure. For each H G S2 let (Yh, T]h) 
be the Gaussian probability space corresponding to L 2 {G/H). Let Y = ((Y H , t)h))heS(G) be 
the field of measure spaces just constructed. 

Define the cocycle a : G x S(G) — > Y such that a(g,H) G Aut(Y H ,Y gHg -i) as follows: 
for H G Si define a(g, H)(kH) = kg~ 1 (gHg~ 1 ) and for H G S 2 define a(g,H) to be the 
measure-preserving isomorphism from Yh to Y g H g -i induced by the orthogonal operator T 9i # 
given by (T gy nf)(kgHg^ 1 ) = f(kgH). For each g,h G G, the cocycle identity holds almost 
everywhere by the nature of the Gaussian construction. Define the measure space 



equipped with the measure-preserving cocycle action of G coming from a. By Mackey's point 
realization |Mac62] (see Appendix B of |Zim84] ) . as G is locally compact second countable 
by removing a null set we may assume, the cocycle identity holds everywhere. 

For each fixed H G S(G) the map g h-» a(g, H) defines an action of the normalizer Nq(H) 
of H in G modulo H on Yh which is essentially free (Proposition 1.2 in [AEG94J). For g G G 
and (H,x) G X we see that g(H,x) = [gHg~ x ,a[g, H)x) and therefore (H,x) = g(H,x) 
if and only if g G Nq(H) and a(g,H)x = x hence if and only if g G H. That is to say, 
staba(H, x) = H for almost every (H,x). Therefore the G-action on (X, v) gives rise to the 
invariant random subgroup r\ as required. □ 

3.3 Ergodic Invariant Random Subgroups 

Definition 3.4. An invariant random subgroup v G P(S(G)) is ergodic when v is an 
ergodic measure. 

We remark that ergodic invariant random subgroups are precisely the same as the extremal 
invariant measures in the (weak*) compact convex set of invariant random subgroups. 

Proposition 3.3.1. Let G be a locally compact second countable group. Given an ergodic in- 
variant random subgroup (S(G),rj) there exists an ergodic measure-preserving G-space (X, v) 
such that the G-equivariant mapping x 1— > stabc(x) pushes v to rj. 

Proof. Let (Z, Q be the G-action constructed in Theorem 13.31 such that z stab^^) pushes 
£ to r). Consider the ergodic decomposition a : (Z,() {WiP)- Then G acts trivially on 
(W, p) and almost every fiber (7r _1 (w), D n (w)) is an ergodic G-space. Observe that 



Since 77 is ergodic, it is extremal in the set of invariant random subgroups. The above convex 
combination of invariant random subgroups must then almost surely be constantly equal to 
n. That is, stab*D 7r (w) = r\ for p-almost every w G W . Let (X, v) be one such fiber. Then 





stab*D 7r (w) dp{w) = stab* / D n (w) dp{w) = stab*C = rj. 




(X, v) is an ergodic G-space with the required properties. 



□ 
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3.4 Compact and Open Invariant Random Subgroups 

Definition 3.5. An invariant random subgroup v G P(S(G)) is a finite (compact) in- 
variant random subgroup when v is supported on the finite (compact) subgroups of G 
and is an infinite (noncompact) invariant random subgroup when it is supported on 
the infinite (noncompact) subgroups of G. 

We remark that in the case of ergodic invariant random subgroups, infinite is equivalent 
to not finite. 

Definition 3.6. An invariant random subgroup v G P(S(G)) is an open invariant random 

subgroup when v is supported on the open subgroups of G. 

3.5 Commensurate Invariant Random Subgroups 

Recall that two subgroups are commensurate when their intersection has finite index in 
each. We introduce a definition of commensurability for invariant random subgroups that 
generalizes this notion to invariant random subgroups. We remark that one regains the usual 
definition in the case when the invariant random subgroups are point masses. 

Definition 3.7. Let G be a group and r\\ and t] 2 be invariant random subgroups of G. If 
there exists a G-invariant joining a G P(S(G) x S(G)) of 771 and 772 such that for a-almost 
every H, L G S(G) x S(G) the subgroup H R L has finite index in both H and L then 771 
and 7]2 are commensurate invariant random subgroups. 

Theorem 3.8. The property of being commensurate is an equivalence relation on the space 
of invariant random subgroups. 

Proof. Let 771,772; V3 be invariant random subgroups of G such that 771 and 772 are commensu- 
rate and 7/2 and 773 are commensurate. Let a be a joining of 771 and 772 and (3 be a joining of 
772 and 773 witnessing the commensuration. Let D be the disintegration of a over 772. Then 
for almost every K G S{G) we have that D(K) = ax X 5 k for some ax G P(S(G)) and 
likewise the disintegration of (3 over 772 is of the form 5k X 0k f° r some (3k G P(S(G)). 
Let p G P(S(G) x S(G)) be the composition of the joinings a and (3 (see Glasner |Gla03] ) : 



Then p is a joining of 771 and 773 (Proposition 12.2.2ft and for p-almost every (H, L) we have 
that for 772-almost every K the subgroup HdK has finite index in H and K and the subgroup 
KC\L has finite index in both K and L. Then HnKdL has finite index in H, K and L and 
so H n L has finite index in H and L (that is, commensurability is an equivalence relation on 
subgroups). Therefore p makes 771 and 773 commensurate invariant random subgroups. □ 

Definition 3.9. Let G be a group. The commensurability classes of invariant random 
subgroups of G are the classes of invariant random subgroups equivalent under commen- 
suration. 
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3.6 Relationships Between Invariant Random Subgroups 

We now outline an approach to denning the usual properties of subgroups of groups for 
invariant random subgroups similar to the above. The joinings technique used for com- 
mensuration should allow, in general, the definition of the usual properties of subgroups for 
invariant random subgroups. We point out a few now but opt not to include all the details 
here, and instead leave them to the reader, as we will not make explicit use of these notions 
in what follows. 

Definition 3.10. Let v, rj G P(S(G)) be invariant random subgroups of G. Then v is a 
subgroup of 77, written v < 77, when there exists a G-invariant joining a of v and 77 such 
that for a- almost every (H, L) G S(G) x S(G), H is a subgroup of L. 

Definition 3.11. A subgroup v of an invariant random subgroup 77 has finite index when 
there exists a G-invariant joining of v and 77 such that for almost every (if, L) G S{G) x S(G), 
H has finite index in L. 

Theorem 3.12. The relation < of being a subgroup is a transitive relation on invariant 
random subgroups that is antisymmetric-if v < 77 and r\ < v then v = r\-and if {v a }aei ^ s 
a decreasing (respectively increasing) net of invariant random subgroups, then there exists a 
weak* -limit such that < u a (respectively > v a ) for all a. 

Proof. Let u, 77, ( be invariant random subgroups such that v < 77 and 77 < (. Let a be a 
joining of v and 77 such that for a-almost every (if, L), if < L, and let (3 be a joining of 77 
and ( such that for /3- almost every (L,K), L < K. Take p = a o /3 to be the composition 
joining of a and (3 which is a joining of v and (. Then for p-almost every (H, L) we have 
that H < K and K < L for 77-almost every K so H < L. Hence the relation is transitive. 

Let d : G x G — > Rhe & metric on G compatible with the Haar measure algebra. Extend 
d to a distance function on S(G) x G as usual: d(H,g) = mi{d(h, g) : h G H}. Given an 
invariant random subgroup v, define the functions ip njV : G — > [0, 1] for each n G N by 

<PnA9) = H H e S(G) : d(H,g) < i}. 

Note that ip n<u is a bounded Borel function since d is compatible with the topology of G. 
Let 77 be an invariant random subgroup such that v < 77 and let a be a joining witnessing 
this fact. Then for a-almost every (H, L) we have that H < L and therefore for any g G G, 
d(H,g) > d(L,g). Therefore 

<PnM = V{L G S(G) : d(L,g) < -} > u{H G S(G) : d(H,g) < -} = <p n>v (g) 
for each n. 

Moreover, if v < 77 and v 7^ 77 then for a joining p witnessing v < 77 we have that 
p{(H,L) G S(G) x S(G) : H < L, H ^ L} > 0, and hence by considering a countable 
dense subset of G we see that there must be some g G G and n G N such that p{(H,L) G 
S(G) x S(G) : H < L, d(H,g) > ^, and d(L,g) < ±} > 0. Thus for this g and n we have 
W^fiO > <£n,u(g)- Therefore if v < 77 and 77 < v then in fact v — 77. 
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Now let {z/ a } ae / be a decreasing net of invariant random subgroups. Since P(S(G)) is 
compact, there exists a subnet Jo such that {vp}p^i has a weak*-limit point v^. If l\ is 
another subnet such that {^Jag/j has a weak*-limit point r/oo, then for each a G l\ there 
exists (3 G Iq such that a < (3 and hence there exists a joining pp^ a of Vp and v a such that 
for p^-almost every (H, L) we have H < L. If we take p^ an accumulation point of {pp, a } 
then we have that p^ is a joining of r/oo and such that for p^-almost every (H, L) we 
have H < L. Therefore i]^ < z^, and by symmetry we have < i]^. Hence rj^ = 
from above, and therefore {r] a }a£i has a unique accumulation point showing that the limit 
exists. 

Now vp < v a for a < (3 so for every pair a < (3 there exists a joining pp j0t of vp and 
v a such that for p^-almost every (H, L) we have H < L. Hold a fixed and let poo,a be a 
weak*-accumulation point of {pp >a \p >a - Then p^ ^ is a joining of and v a witnessing that 
v oo < v a . Hence < v a for all a E I. 

The case of increasing nets follows from a similar argument. □ 

Theorem 3.13. The property of having finite index is a transitive relation on invariant 
random subgroups. 

4 Relatively Contractive Maps 

We now introduce the notion of relatively contractive maps and develop the machinery 
needed to study actions of commensurators and lattices. We first spend some time developing 
basic facts about relatively contractive maps which we then use to recover most known results 
about contractive actions. We also take a short detour to study joinings of contractive spaces 
and show that relatively contractive is indeed the opposite of relatively measure-preserving 
in some very strong senses. 

We will always assume the group G is locally compact second countable in what follows. 

Definition 4.1 (Jaworski | Jaw94j ) . A G-space (X, v) is contractive, also called SAT 
(strongly approximately transitive), when for all measurable sets B C X of less than 
full measure and all e > there exists g G G such that 

u{gB) < e. 

4.1 Conjugates of Disintegration Measures 

The principal notion in formulating the idea of relatively contractive maps is to "conjugate" 
the disintegration measures. For a G-map of G-spaces n : (A, v) — > (Y, r/), the disintegration 
of v over rj can be summarized as saying that for almost every y eF there is a unique measure 
D n (y) G -P(A) such that D n (y) is supported on the fiber over y and J Y D n (y) drj(y) = v. 

For g G G and y G Y, we have that D v {gy) is supported on the fiber over gy, that is, on 
n l (9y) — 9 n l (y)y an d that for any Borel B C A, we have that gD^^^B) = D^^^g ^B) 
meaning that gD n (y) is supported on g7r~ 1 (y). Therefore we can formulate the following: 
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Definition 4.2. Let n : (X,u) — > (Y, p) be a G-map of G-spaces. The conjugated disin- 
tegration measure over n at a point y G Y by the group element g G G is 

D®(y) = g- 1 D ir (gy). 

The preceding discussion shows that D^\y) is supported on g^ l gn^ 1 {y) = 7T^ 1 (y). Hence: 

Proposition 4.1.1. Let n : (X,u) — > (Y,rj) be a G-map of G- spaces and fix y G Y. The 

conjugated disintegration measures 

V y = {g-'D^gy) :geG} 

are all supported on n^ 1 ^). 

Another approach to the conjugates of disintegration measures is to observe that: 

Proposition 4.1.2. Let n : (X,v) — > (Y,rj) be a G-map of G -spaces. For any g G G 
then Ti : (X, g~ x v) — > (Y,g~ 1 r]) is also a G-map of G -spaces. Let D w : Y — > P(X) be the 
disintegration of v overr/. Then is the disintegration of g~ x v over g~ x r\. 

Proof. To see that n maps (X, g -1 ^) to (Y, g~ l rf) follows from tt being G-equivariant. 

We have already seen that g~ 1 D n (gy) is supported on 7r _1 (y) so to prove the proposition 
it remains only to show that J g~ 1 D 7T (gy) dg~ lr rj(y) = g~ l v. This is clear as 

J g^Dnigy) dg~ l ri{y) = g' 1 J D^gg^y) dr}(y) 

= 9~ X J DM drj(y) = g~ x v 

since D w disintegrates v over r\. □ 

A basic fact we will need in what follows is that the conjugated disintegration measures 
are mutually absolutely continuous to one another (over a fixed point y of course, as y varies 
they have disjoint supports): 

Proposition 4.1.3. Let n : (X,u) — > (Y,rj) be a G-map of G -spaces. For almost every y 
the set 

V y = {g-'D^gy) : g G G} 
is a collection of mutually absolutely continuous probability measures supported on ^^{y}. 
Proof. For g G G write 

A g = {y G Y : D n (y) and g' 1 D 7T (gy) are not in the same measure class}. 

Then A g is a Borel set for each g G G since D n : Y — > P(X) is a Borel map and the 
equivalence relation on P(X) given by a ~ /3 if and only if a and (3 is in the same measure 
class is Borel. 
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Since g 1 D 7T (gy) is the disintegration of g x v over g l rj and g x v is in the same measure 
class as u, Lemma \A. 1.41 (following the proof) gives that t]{A g ) = for each g G G. Therefore 

r}{ (J Ay) = 

where the union is taken over a countable dense subset Go (the existence of such a subset is 
a consequence of the second countability of G). When G is itself countable the claim is then 
proven. 

Suppose now that there is some g such that r](A g ) > 0. Take a continuous compact model 
for 7r via Lemma [2.2.31 Define the sets, for g G G and e > and / G C(X) with / > 0, 

A 9 ,e,f = {yeY: DM(f) = 0,£>«(y)(/) > e}. 

These sets are Borel since y i— > D 7r (y)(f) is Borel. Now A ff = U e >o/^9. £ >/ anc ^ s i nce ^(A?) > 
0, (taking a countable sequence e — )■ and a countable dense set of G(X)) there is some 
e > and / G C(X) with / > such that 

V{A g> e,f) > 0. 

But now for fixed e > and / G C(X) with / > we see that 

9~Mf) > [ Di 9) (y)(f) dg'Mv) > 9' X v{A 9 ,ej)e > 

J Ag,e,f 

by the quasi- invariance of rj. 

Consider the function F : G — > R given by 

F(h) = [ Dl h \y)(f) dh-^y) = r 1 ^^^ ej) f). 

Then F(g) > by the above. Now F is continuous since / G C(X) and G rx X continuously. 
Hence there is some open neighborhood U of g in G such that F(u) > for all u G U. 

For p G Go) however, we know that g^vi^f) = and so, as / > 0, then F(g ) = 0. But 
U PI G 7^ since G is dense and Z7 is open, leading to a contradiction. Hence when G is 
locally compact second countable the claim also holds. □ 

Lemma 4.1.4. Let (X, v) be a probability space and it : (X, v) — > (Y, v^rf) a measurable map 
to a probability space. Let a be a probability measure in the same measure class as v. Let 
D(y) denote the disintegration of v over tt^u via tt and let D'(y) denote the disintegration of 
a over ir*a via tt. Then for almost every y G Y , D(y) and D'(y) are in the same measure 
class. 

Proof. Since a and v are in the same measure class, the Radon-Nikodym derivative ^ exists 
and is in L 1 (X, u). Likewise, u^a and tt*v are in the same measure class so exists in 
/-M' .V. ~.//). 
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For y EY, define the measure a y by, for B C X measurable, 

. f da, . w , dir^is , . 

ay( B) = j- v(x )iD ( y) ( x) j^to). 



Note that the Radon- Nikodym derivatives are always positive so these are positive measures. 
Also oty(X) = 1 since 

= [ ¥(x) dD(y)(x) 



dix^v J x dv 

which can be verified directly (using the uniqueness of the Radon-Nikodym derivative). 

Now the support of a y is contained in the support of D{y) which is contained in ■K~ l ( K y) ) 
hence a y is supported on -n~ l {y). For BEX measurable, 

f a y {B) dn*a(y) = [ [ ^-{x) dD(y)(x) ^^-(y) dir*a(y) 
Jy Jy Jb dv dir^a 

f dot 
= J l B (x) — (x) dv{x) 

= / 1b(x) da(x) = a(B). 
Jx 

Therefore, by uniqueness of disintegration, D'(y) = a y for almost every y. 
Suppose that D(y)(B) = for some y and some measurable BEX. Then 



/ dD(y)(x) p^(y) = 

Jb dv dir^a 



since D(y)(B) = 0. So a y is absolutely continuous with respect to D(y). 

Therefore D'(y) is absolutely continuous with respect to D(y) for almost every y E Y. 
The symmetric argument (reversing the roles of v and a) shows that D{y) is also absolutely 
continuous with respect to D{y) almost everywhere. □ 



4.2 Definition of Relatively Contractive Maps 

We now define relatively contractive factor maps, which are the counterpart of relatively 
measure-preserving factor maps. 



4.2.1 Relatively Measure-Preserving 

We first recall the definition of relative measure-preserving: 

Definition 4.3. Let n : (X, v) — > (Y, rf) be a G-map of G-spaces. Then n is rela- 
tively measure-preserving when for almost every y E Y the disintegration map D w is 
G-equivariant: D n (gy) = gD n (y). 
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In terms of conjugating disintegration measures, relative measure-preserving means that 
Dn\y) = D n (y) almost surely. 

We also remark that a G-space (X, v) is measure-preserving if and only if the map from 
(X, v) to the trivial (one-point) space is relatively measure-preserving (the disintegration 
over the trivial space is D^ 9 \0) = g~ 1 D(g ■ 0) = g~ 1 D(0) = g~ x v). 

4.2.2 Relatively Contractive 

Definition 4.4. Let 7r : (X, v) — > (Y,r]) be a G-map of G-spaces. We say 7r is relatively 
contractive when for almost every y & Y and any measurable BOX with D n (y)(B) < 1 
and any e > there exists g G G such that g~ l D n (gy)(B) < e. 

This is also stated as saying that (X, v) is a relatively contractive extension or 
contractive extension of (Y, if or that (Y, rf) is a relatively contractive factor or just 
a contractive factor of (X, u). 

We have the following easy reformulation of the above definition: 

Proposition 4.2.1. A G-map tt : (X,v) — > (Y,r)) of G- spaces is relatively contractive if and 
only if for almost every y and any measurable BOY with D n (y)(B) > we have 

supDC?)(y)(S) = l. 

4.2.3 Contractive Extensions of a Point 

We now show that contractive can be defined in terms of relatively contractive extensions of 
a point (just as measure-preserving can be defined as being a relatively measure-preserving 
extension of a point). 

Theorem 4.5. A G-space (X,u) is contractive if and only if it is a relatively contractive 
extension of a point. 

Proof. In the case where (Y, if) = is the trivial one point system, the disintegration measure 
is always v and so being a relatively contractive extension reduces to the definition of con- 
tractive: g^ 1 D 7T (g ■ 0) = g~ x v for all g e G since g ■ = and therefore sup 9 D^\o)(B) = 1 
implies sup 9 g~ 1 L' 7r (0)(i?) = 1 so sup 9 g~ l v(B) = 1 for all measurable B with v{B) > 0. □ 

4.3 The Algebraic Characterization 

Generalizing Jaworksi |Jaw94] . we characterize relatively contractive maps algebraically: 

Theorem 4.6. Let tt : (X, v) — > (Y, p) be a G-map of G- spaces. Then tt is relatively 
contractive if and only if the map f \-t D^\y)(f) is an isometry between L°°(X, D n (y)) and 
L°°(G, Haar) for almost every y G Y (here Di 9 \y)(f) is a function of g). 

Proof. Assume 7r is relatively contractive. Take y in the measure one set where the disin- 
tegration measures are relatively contractive. Let / be any simple function / = J2 a n^-B„ 
with B n C 7r _1 (?/). Choose N such that |ajv| = max„ \a n \ = ||/||oo- For e > choose g G G 
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such that D\ 9) (y)(B N ) > 1 - e. Then D\ 9 \y)(B%) < e and since the B n are disjoint then 
Dn\y)(B n ) < e for n ^ N. This means that 

\Db)( y )(f)-a N \ = \J2 a nDi 9 \y){B n )-a N \ < ^ |a n |e + \a N \\l - e - 1| = ej^ K\ 

n n=£N n 

and since e > was arbitrary then sup g \Di 9 \y)(f)\ = \a N \ = \\f\\. As simple functions are 
uniformly dense in L°°(X, D n (y)) and the map is a contraction this proves one direction. 

Conversely, assume the map is an isometry for almost every y. For such a y, let B C 7r _1 (y) 
with D n (y)(B) > and then 1 = ||1b||qo — SU P 9 D^\y)(B) so tt relatively contractive. □ 

Note that ir is relatively measure-preserving if and only if the map that would be isometric 
for relatively contractive, / i— > D^\y)(f), is simply the map / h-> D 7r (y)(f) which is the 
projection to the "constants" on each fiber. 

We remark that in effect there is a zero-one law for relatively contractive extensions. 
Namely, if 7r : (X, v) — > (Y, rf) is a G-map of ergodic G-spaces then the set of y such 
that D^\y) induces an isometry L°°(X, D v {y)) — > L°°(G, Haar) has either measure zero or 
measure one. This follows from the fact that the set of such y must be G-invariant and hence 
follows by ergodicity: if Di 9 \y) induces an isometry then for any h £ G and / G L°°(X, v) 

sup \Dl 9 \hy)(f)\ = sup \Dl 9h \y)(h ■ f)\ = sup \D^\y){h ■ f)\ = \\h ■ f\\ = ||/||. 

geG geG g£G 

Specializing to the case of a contractive extension of the trivial one point system we 
obtain: 

Corollary 4.7 (Jaworski [Jaw94] ) . A G-space (X, v) is contractive if and only if the mapping 
L°°(X, v) — > L°°(G, Haar) by f ' (->■ gv(f) is an isometry. 

One can also characterize relatively contractive maps in terms of convex combinations of 
measures: 

Theorem 4.8. A G-map of G -spaces n : (X, v) — > (Y,T)) is relatively contractive if and only 
if for almost every y 6 7 the space of absolutely continuous measures L\(ft~ l (y), D w (y)) C 
conv V y . 

Proof. An immediate consequence of Theorem 14.121 (in the following subsection). □ 

Specializing to the one point system: 

Corollary 4.9 (Jaworski | Jaw94] ) . A G-space (X,u) is contractive if and only if the space 
of absolutely continuous measures L\(X, v) C conv Gv. 

4.4 Relatively Contractible Spaces 

Definition 4.10 (Furstenberg-Glasner |FG10j ). A continuous compact model (Xq, vq) of 
a G-space (X, v) is contractible when for every x G Xo there exists g n G G such that 
dn^o $x m weak*. 
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Definition 4.11. Let n : (X,u) — > (Y,rf) be a G-map of G-spaces. A continuous compact 
model ttq : (Xq,i/q) — > (Yq,t]o) for this map is relatively contractible when for rjo-almost 
every y G Y and every x £ X such that n (x) = y there exists a sequence g n G G such that 
D { l n \y)^8 x in weak*. 

Theorem 4.12. Let tc : (X,v) — > (Y,rj) be a G-map of G- spaces. Then tc is relatively 
contractive if and only if every continuous compact model of ir is relatively contractible. 

Proof. Recall that a continuous compact model for 7r means compact models for X and Y 
such that G rx X and G rxY are continuous and the map 7r is continuous (Lemma I2.2.3[) . 

Assume that ir is relatively contractive. By Theorem 14.61 there is a measure one set of 
y such that / D^\y)(f) is an isometry between L°°(X, D n (y)) and L°°(G,Haar). Fix y 
in that set and let x G X such that ir(x) = y. Choose f n G C(X) such that < /„ < 1, 
||/ n || = 1 and /„ — > (possible since C(X) separates points) and such that f n+ \ < f n . 

Since ir is relatively contractive, sup g Di 9 \y)(f n ) = 1 for each n. Choose g n G G such that 

l--<D^\y)Un) 
n 

and observe then that, since f n+ \ < f n , 

n + 1 

and therefore lim m ^oo D-f (f n ) = 1 for each fixed n. 

Now P(X) is compact so there exists a limit point £ G P(X) such that C = limj D-^ nj (y) 
along some subsequence. Now C(/n) — 1 f° r eac h n by the above and f n — > l^} is pointwise 
decreasing so by bounded convergence Cll^}) = nm ^(/ n ) = 1. This means that for almost 
every y, the conclusion holds for all x G 7r _1 (?/). 

For the converse, first consider any continuous compact model such that for almost every 
y G Y and every x G 7r _1 (?/) there exists a sequence {g n } such that D^ n \y) — > 5 X . Let 
/ G C(X). Then the supremum of / on 7r _1 (y) is attained at some x G 7T _1 (?/) since vr _1 (y) 
is a closed, hence compact, set. Take g n such that g~ x D^{g n y) — > S x . Then gn 1 -D n (g n y)(f) — > 
/(x) = H/lli, 00 ^- 1 ^))- Hence for / G C(A) the map is an isometry. 

Now assume that for every continuous compact model for tt and for almost every y and 
every x G tt" 1 ^) there is a sequence g n G G such that g~ l D^(g n y) — >■ 5 S . 

Suppose that 7r is not relatively contractive. Then there exists a measurable set i C X 
with ^(A) > and 1 > 5 > such that 

B = {y G y : Ar(j/)(A) > and sup (y) (A) < 1 - 5} > 

has r/(5) > 0. 

Fix e > 0. Let tp n G C C (G) be an approximate identity {ip n are nonnegative continuous 
functions with J ip n dm = 1 where m is a Haar measure on G such that the compact supports 
of the ipn are a decreasing sequence and n n supp ip n = {e}; the reader is referred to |FG10] 
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Corollary 8.7). Define f n = 1a * i> n — J G ^-A{hx)ip n (h) dm(h). Then the f n are G-continuous 
functions by |FG10j Lemma 8.6. 
By Proposition 14.4.11 (below). 

lim || 1 A * ll> n \\l,°°(X,D v (y)) = 1 
n 

for all y G B. 

There then exists a set B\ C B with rj(Bi) > rj(B) — e and iV G N such that for all y G B\ 
and all n > N, \\1a* 4'n\\L°°(x,D 7V (y)) > 1 — e. Let V be a compact set neighborhood of the 
identity in G such that \r](B\ n h^Bi) — r}(Bi)\ < e for all h G V (possible as the G-action 
is continuous on the algebra of measurable sets). Choose n > N such that the support of 
if) = ip n is contained in V. 

Set / = 1a * i>- Since / is G-continuous there exists a continuous compact model on 
which / G C(X) by [FG10J Theorem 8.5. Hence, for almost every y G F, 

su V D^(y)(f) = \\f\\ L ^ x , DAy)) . 

9 

Removing a null set from B\, then for all y G B% there exists g y G G such that 

D^\y){f)>\\f\\ L ^ xM)) -e>l-2e. 

Observe that 

(1 - 2e) V {B x ) < [ D<*\f)dn(v) 

JBx 

f{g y x x) dD T (g y y)(x) drj(y) 

l A (hg~ x x)il)(h) dm(h) dD^{g y y) drj(y) 
Dn(g y y)(g y h~ 1 A) drj(y)ip(h) dm(h) 

' G JB X 

= 11 D v {g v h~ 1 y){gyhr x A) dhr){y)ip(h) dm(h) 

JG JhBx 

= ff D^> h ~ 1 \y)(A) dhr]{y)ip{h) dm{h) 

JG JhBx 

<[ [ sup Dl 9) (y)(A) dhrj{y)ip(h) dm{h) 

JG JhBx 9 

sup D^(y)(A) dh V (y) 

G "-JhBiXBx 9 

+ [ supDl 9 \y)(A) dhrj(y))ip(h) dm(h) 



Bi J X 




y 

Bi JX JG 




< [ (hr ] {hB 1 \B 1 ) + (l-6)hr]{hB 1 nB 1 ))ijj(h) dm{h) 

JG 



- 27- 



Stabilizers of Ergodic Actions of Lattices and Commensurators 



D. Creutz and J. Peterson 



= f (hr ] (hB 1 ) - 5hr t (hB 1 n B^Qi) dm(h) 

JG 

= v (B 1 )-5 [ rj(B 1 nh- 1 B 1 )if)(h) dm(h). 

JG 

Now the support of ip is contained in V and \i](Bi n h~ l B{) — r]{Bi)\ < e for all h G V. 
Therefore 

-2e-q{B x ) < -6 f (r/(5i) - e)ip{h) dm{h) = -6r](B 1 ) + 8e. 

JG 

Hence 

5r ] (B 1 )<e(2r ] (B 1 ) + 5). 

Then 

5r](B) < SirjiBt) + e) < 26(77(5!) + 5) < 2e(r/(5) + 5). 

Since 5 is fixed and this holds for all e > 0, 1](B) = contradicting that 7r is not relatively 
contractive. □ 

Specializing to the case of a relatively contractive extension of a point, we obtain as a 
consequence the result of Furstenberg and Glasner mentioned above: 

Corollary 4.13 (Furstenberg-Glasner |FG10j ). A G-space is contractive if and only if every 
continuous compact model of the space is contractible. 

The following fact was used in the above proof and is step by step equivalent to the proof 
of jFGlOj Proposition 8.8 but relativized over a G-map: 

Proposition 4.4.1. Let n : (X,v) — > [Y,r]) be a G-map of G- spaces. Let ip n £ C C (G) be an 
approximate identity (the ip n are nonnegative continuous functions with decreasing compact 
supports V n such that nV n = {e} and J tp n dm = 1 for m a Haar measure on G). Then for 
any measurable set A <Z X and almost every y £ Y such that D n (y)(A) > 0, 

lim || 1a * 1pn\\L°°(X,D n (y)) = 1- 
n 

Proof. Take a continuous compact model for n. Let 

B = {yeY:D 7r (y)(A)>0}. 

Fix 5 > and choose e y > for each y £ B such that e y < ^5D n (y)(A). 

For each y £ B, let C y C A C U y such that C y is closed and U y is open and D n (y)(U y \ 
C y ) < t y (possible since D n (y) is regular). Let V y be a symmetric compact neighborhood of 
the identity in G such that D^^ihCyACy) < e y and such that /iC y C U y for all /i 6 ^ 
(possible since the G-action is continuous). Then lc y {hx) = for all x $L U y and h £ V^. 

Let N y £ N such that supp ^ n C for all n > N y . For n > N y , set = lc y * 
Then f y>n {x) = for x U y . So 

D n (y)(f ytn )= [ [ l Cy (hx)Mh) dm(h) dD v {y){x) 

JX JG 
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DMih^CyWM dm(h) 

G 



> [ (DM(C y ) - e y )Mh) dm(h) 

JG 

= D^y)(C y )-e y . 

Define 

E Vin = {xeU : f Vtn (x) < 1 -5}. 

Then 

D M( C y) -e y < f y>n (x) dD n (y)(x) 

JX 

f y , n (x) dD 7r (y)(x) 



= / fyA x ) dD n (y)(x) + / fy tn (x) dD n (y)(x) 

J Ey^n J Uy\Ey j7l 

< (1 - S)D n (y)(E Vtn ) + D n (y)(Uy \ E y , n ) 
= DM(U y )-5DM(Ey, n ). 



Therefore 



5DM(Ey, n ) < DM(Uy \ Cy) + t y < 2ty 

Hence D n (y)(E ytn ) < 2e y 5~ l < \D^(y)(A). So, for x e U y \ E y<n , f Vtn (x) > 1 - 5 and 
DM(U y \E ytn )>iDM(A)>0. 
Therefore 

(l A *ij n )(x) > (l Cy *ij(x)) > 1-5 

for all i in a D 7r (?/)-positive measure set. Hence for n > N y , \\1a * VViIU^p^lv^)) > 1 — 5. 
As this holds for all 5 > 0, 

lim \\1 A * ll> n \\L°°(X,D„(y)) = 1 

for all y e B. □ 



4.5 Relatively Contractive Maps and Dense Subgroups 

In general, the map g h- > D^\y) is not continuous (however, it can be shown to be continuous 
almost everywhere for almost every y) which can be seen by considering an induced action 
from a lattice to a locally compact second countable group. This fact accounts for the 
difficulty in the proof of the following statement. 

Theorem 4.14. Let n : (X,u) — > (Y,rj) be a relatively contractive G-map of G -spaces. Let 
Gq be a countable dense subgroup of G. Then n is a relatively contractive Go-map. 
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Proof. Suppose that tt is not Go-relatively contractive. By the proof of Theorem 14. 12[ there 
then exists a continuous compact model for tt : X — > Y, a positive measure set A C Y, a 
nonnegative continuous function / G C(X) and 5 > such that for all y G A, 

sup D^\y)(f)<\\f\\ L ~ {x , Dx{y)) -5. 

Let e > such that i](A) > e. Since tt is G-relatively contractive, there is a conull Borel 

set Ybo such that for every y G F o, sup 9 D^\y)(f) = \\f\\L°°(x t D v (y))- 
Consider the set 

{( 9 ,y)eGxY 00 :D^(y)(f)>\\f\\ L 

Since D v is a Borel map, this is a Borel set. By the von Neumann Selection Theorem 
(Theorem A. 9 in |Zim84j ) there then exists a conull Borel set Y C Y 00 such that the map 
pr y : D —7- Y 00 admits a Borel section on Y . Choose a Borel section g y G G for y G Y such 

that D^\y)> \\f\\ L °° { x,D„ { y))-e. 

Consider the Borel function Y — > P(X) given by y i— >■ D 7T {g y y). By Lusin's Theorem, 
there exists a measurable set flcy with 77(D) > 1 — e and a continuous map F : Y — >■ -Ppf) 
such that F(y) = D w (g y y) for y G D. 

For y G Foj choose {#„} in Go such that g n —> g y . Then \\g y ■ f — g n ■ /||oo — >■ since 
G acts continuously on C(X) and F(g~ 1 g n y) — > F{y) in weak* hence F^g^g^^gy ■ f) — > 
F(y)(g y ■ y). Therefore 

|F(y)( 92/ ./)-F(^Vy)(&n-/)| 

< \F(y)(g y ■ f) - F^gMgy ■ f)\ + \F{g~ l g n y){g y ■ f) - F(gy 1 g n y)(g n ■ f)\ 

< \F(y)(g y ■ f) - F{g y x g n y){g y ■ f)\ + f \f{g y l x) - f{g~ l x)\ dF^^x) 

Jx 

< \F{y){g y - S)-F{g y 1 g n y){gy f)\ + \\g y ■ f - g n ■ /(!«, 0. 
Observe that for y G D, 

F(y)(g y ■ f) = D w (g y y)(g y • /) = D<»\y)(f) > \\f\\ L °°(x,D A y)) ~ e. 
Consider the set D' n = {y G A : g y 1 g n y G D}. Then for y G D' n , 

F{g y x g n y){9n ■ f) = D„(g y g^g n y)(g n • /) = D™(y)(f) < \\f\\^x M) ) ~ 8. 
Consider the sets E n = D D -D^. Since g n — >■ T)(E n ) — > rj(D C\ A) > 0. For y G i? n , 

|F(y)(^ ■ /) - F(gy 1 g n y)(g n ■ f)\ > 5 - e. 

But |-F(7/)(<7 y • /) — F(g~ 1 g n y)(g n ■ /)| — >■ as n — >■ 00 for every y. This contradiction means 
that tt is relatively contractive for Gq. □ 
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4.6 Examples of Relatively Contractive Maps 

Let (X, v) and (Y, rj) be contractive G-spaces. In general it need not hold that (X x Y, v x rj) 
is contractive (with the diagonal G-action), however: 

Theorem 4.15. Let (X, v) be a contractive G-space and (Y,r)) be a G-space. The map 
pry : (X x Y, v x rj) — >■ (Y, rj) is relatively contractive (X x Y /jcjs t/je diagonal G-action). 

Proof. The disintegration measures D n (y) are supported on I x i s and have the form 
Dn{y) = v x 5 y . Clearly- 



More generally, the following holds: 

Theorem 4.16. Let tt : (X,u) — > (Y,T)) be a relatively contractive G-map of G -spaces. Let 
(Z, () be a G-space. The map tt x id : (X xZ,i/x() — > (Y x Z,i]x() is relatively contractive 
(where X x Z and Y x Z have the diagonal G-action). 

Proof. Since the disintegration of the identity is point masses, for almost every (y, z) G YxX, 
D^ id (y,z) = Di 9 \y) x 5 Z . Then rr being relatively contractive implies tt x id is relatively 
contractive. □ 

4.6.1 Inducing Contractive Actions 

Theorem 4.17. Let T < G be a lattice and (X,u) a contractive T-space. The G-map 
GxpX — > G/T, the natural projection from the induced G-space over X to G/T, is relatively 
contractive. 

Proof. Treat G x r X as (F x X, m x v) for F a fundamental domain for G/T with cocycle 
a:GxF->r. Consider p : F x X — >■ F the projection. The disintegration D p (f) of m x v 
over m is of the form D p (f) = 5f x v. For g e G, 



Fix (/o^o) € i 71 x X and choose 7„ G T such that 7„z/ — >■ 5^. Set g n = 7 n 1 / 1 - Then 
Q^n, /o) = In so Dp(fo) = 8f x j n v — )■ 5y x 5^ meaning p is relatively contractive. □ 

4.6.2 Proximal Maps are Contractive 

Proximal maps are the relative version of Poisson boundaries; the reader is referred to 
Furstenberg and Glasner |FG10j and to Furman [FurOOj for more information. 

Definition 4.18. Let (X,v) be a (G, /i)-space, meaning that (X,v) is a G-space and that 
[A is a probability measure on G such that \i * v — v. A G-map of (G, /i)-spaces 7r : (X, v) — > 
(Y, 77) is proximal when for /i N -almost every u G G N the map tt : (X, z^,) — > (Y,r] w ) is an 
isomorphism. 




□ 



^i 9) (/) = lD p(9fa(g, /)) = 1 (S gfa(Sif) xu) = 5 f x a(g, f)v. 
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Recall that u u = lim lo\ • - ■ oo n v is the limit measure which exists almost surely by the 
Martingale Convergence Theorem. 

Theorem 4.19. Let tt : (X,u) — > (Y,T)) be a proximal G-map of (G, /i) -spaces. Then tt is 
relatively contractive. 

Proof. Let u G G N such that tt : (X,u u ) — > (Y,^) is an isomorphism. Let D ntUJ be the 
disintegration of i/ w over r]^. Set g n = {lo\ ■ ■ ■ u;^) -1 . Then g~ x v — > v u and g^V Vu- 
Now disintegrates g^ x v over g~ l ri and therefore D^ n \y) — > D n)U (y). Since tt is an 

isomorphism of u u to r\u for each x in the support of z/ w , set y = ir(x) and we have that 
D WlL0 (y) = 8 X . Hence D^ n \y) — > S x . Now the union of the supports of the is the support 
of v which is all of X and therefore tt is relatively contractive. □ 

Corollary 4.20 (Jaworski | Jaw94] . [Jaw95] ) . Let (X,u) be a (G, /x) -boundary. Then (X,u) 
is a contractive G-space. 

Proof. Since (X, v) is a boundary the map (X, v) — > to the trivial system is a proximal 
map because v w is a point mass almost surely is one of the equivalent definitions of being a 
boundary. □ 

4.7 Factorization of Contractive Maps 

We now prove that if a composition of G-maps is relatively contractive then each of the maps 
is also relatively contractive. This fact will be an important ingredient in the proof of the 
uniqueness of relatively contractive maps. 

Lemma 4.7.1. Let tt : (X, u) — > (Y, T)) and (p : (Y, T)) — > (Z, p) be G-maps of G -spaces. Then 
for almost every z G Z , 



TT*D tp0% {z) = D^z) 



and 




Proof. Observe that the support of n il: D ip07T (z) is 

n((<p o tt)-\z)) = tt{tt-\ V ~\z))) = <p-\z). 
Also for / G L OD (Y,r]), using the definition of disintegration over ip o tt, 



/ / f(y) dTT^D^z)^) d((z) =11 /(tt(x)) dD vov (z){x) d((z) 




and therefore by uniqueness of disintegration the first claim is proved. 
Similarly, the support of f Y D n (y) dD v (z)(y) is 



|J TT-\y) = TT-\ V -\ Z )) = (<p O TT)-\ Z ) 



y£<p 1 (z) 
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and also for / £ L°°(X, u), using the definition of disintegration, 

= I [ I f(x) dD v (y){x) dD„(z){y) dQ{z) 

J Z JY J X 

= f(x) dD v (y)(x) dr](y) = / f(x) dv{x) 

Jy Jx Jx 

and therefore by uniqueness the second claim holds. □ 

Theorem 4.21. Let tt : (X,u) — > {Y,i]) and if : (Y,rj) — > (Z,p) be G-maps of G -spaces. If 
ip o 7T is relatively contractive then both ip and n are relatively contractive. 

Proof. We use Theorem 14.121 and take a continuous compact model for 7r to do so. First 
observe, for all g £ G and almost every z, that Tr*D^ n (z) = D^\z). For such z where also 
conv {D^ott(z)} = -P((^ ° 7T )^ 1 ( Z )) an d every x such that tp(7r(x)) = z there is g n £ G such 
that D$£(z) -»■ 5 X . Therefore 

D^\z) = ir*D^}{z) nj x = 5 <x) 

and so for every y such that tp(y) = z the point mass 5 y is a limit point of D^\z). Hence (p 
is relatively contractive. 

Suppose that n is not relatively contractive. Then, by the proof of Theorem 14. 12} there 
exists a continuous compact model for ir : X — > Y such that / h-> \Di (y)(f)\ is not an 
isometry from C(X) to L°°(G) for a positive measure set of y £ Y. 

Observe that if the map is an isometry on a countable dense set Cq C C{X) then for any 
/ £ C(X) there exists f n £ C with f n — > f in sup norm, hence 

= I^O/XZ - fn) + Di°\f n )\ > \DP(y)(f n )\ - ||/ - / n |U. 

Fore > 0, choose n such that ||/— / n ||oo < e - Then choose g such that \Dn\y)(f n )\ > ||/n|| — £■ 
Then 

l^ ) (2/)(/)l>ll/n||-6-6> H/ll -36 

and so the map is an isometry for / as well. 

Therefore, there is a positive measure set of y such that the map / i— > \Di g \y)(f)\ is 
not an isometry on Cq. Hence, since Co is countable, there is some / £ Cq and a positive 
measure set of y such that sup 9 \D^\y)(f)\ < \\f\\L°°(x,D^(y))- So there is some 5 > and a 
measurable set A C K with ry(A) > such that sup 5 \Di 9 \y)(f)\ < \\f\\L°°(x,D n (y)) — 8 for all 
y E A. We may assume (by taking a subset) that A is closed. Since rj is a Borel measure, it 
is regular, hence we may assume A is closed (by taking a subset). 

Now there exists a positive measure set B C Z on which /^(^(A) > for z a B. For 
z E B such that 2 is in the measure one set on which <£> o 7r contracts to point masses, 
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/ £>?>(!/)(/) dD<*\z)(y) 



[ D W ( y ) (/) do W (*) ( y ) + f D (?) {y ) (/) rfjD ( 9 ) (3) (y ) 

^ v - 1 (z)nA J V - 1 ( 2 )\A 

l-^o,)) - 5 dD<*\z)(y) + / \\f\\L~ { x,D Ay)) dD^(z)(y) 

Jv-Hz)\A 



lip- 1 (z)nA Ji P - 1 (z)\A 

< \\f\\L^x Mz)) -SD^(z)(A). 

Now for any x G {tp o tt)^{z), there exists g n such that D^(z) — >■ 5 X . Hence also 

D^z) ->■ ^(j.). Choose x G Tr^LA) n (y? o n)-\z) such that /(a;) = \\f\\ L ~(x,D von (z)) 
(possible since n~ 1 {A) fl {tp o it)~ l (z) is closed, hence compact, and / is continuous). Then 

f{x) = lim £><&>(*)(/) < lim ||/|Uoc ( x,d^(,)) - 

n T n 
= \\f\\L°°(X,D volv (z)) -86 V ( X )(A) = \\f\\ L °°(X,D volv (z)) -S 

is a contradiction. Hence tt is relatively contractive. □ 

The above statement is the analogue of one direction of the similar well-known fact about 
relative measure-preserving: 

Theorem 4.22. Let tt : {X,v) — > (Y,rj) and p : (Y,rj) — > (Z,() be G-maps of G- spaces 
such that ip o tt : (X, v) — > (Z, () is relatively measure-preserving . Then tt and tp are both 
relatively measure-preserving. Conversely, if tt and <p are relatively measure-preserving then 
so is p o TT. 

Corollary 4.23. Any G -factor of a contractive G -space is a contractive G -space. Any G- 
factor of a measure-preserving G-space is a measure-preserving G-space. 

Proof. Let (X, v) be a contractive G-space and tt : (X, v) — > (Y, 77) be a G-map of G-spaces. 
Take tp : (Y, 77) — > to be the G-map to the trivial one-point space. Then ip o tt : (X, v) — >■ 
is relatively contractive since (X, v) is contractive and therefore tp is relatively contractive 
since its composition with tt is and so (Y, 77) is contractive. The same argument applied to 
relative measure-preserving maps shows the second statement. □ 

4.8 Relatively Measure-Preserving and Relatively Contractive 

We now show that relatively measure-preserving extensions are orthogonal to relatively con- 
tractive extensions. 

Theorem 4.24. Let tt : (X, u) — > (Y, p) be a G-map between G-spaces. If tt is both relatively 
contractive and relatively measure-preserving then tt is an isomorphism. 

Proof. Since tt is relatively contractive for almost every y there exists a sequence g n G G 
such that Di 9n \y) — > 5 X for some x G X such that tt(x) = y. Since tt is relatively measure- 
preserving, for almost every y and any g G G we have Di g \y) = D n (y). Therefore for almost 
every y 

D n (y)=D^\y)^S x 
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meaning that D n (y) = 5 X . Therefore ir must be an isomorphism since D w are (almost) all 
point masses. □ 

Corollary 4.25. Let (X, v) be a contractive G-space and it : (X, v) — > (Y, n) be a G-map to 
a G-space (Y,r]). If it is relatively measure-preserving then tc is an isomorphism. 

Proof. The mapping (X, v) — > (Y, 77) — > where is the one point system is a composition 
of maps which compose to a relatively contractive map. Therefore each map is relatively 
contractive. Hence ir is both relatively measure-preserving and relatively contractive and is 
therefore an isomorphism. □ 

Akin to the previous result, we show that relative contractive and relative measure- 
preserving are orthogonal in the sense of products. 

Corollary 4.26. Let (X,u) be a G-space such that tc : (X,v) — > [Y,r]) is a relatively 
contractive G-map of G-spaces and if : (X, v) — > (Z, £) is a relatively measure-preserving 
G-map of G-spaces. Then ir x if : (X,v) — )■ (Y x Z, (n x </?)*z/) by (tc x <f)(x) = (7r(x),<p(x)) 
is a G -isomorphism. 

Proof. Consider the G-map pr y o (-7T x tp) = it. Since 7r is relatively contractive then both 
the projection map to Y and tt x if are relatively contractive (Theorem I4.2ip . Likewise 
pr z o (7r x if) = ip is relatively measure-preserving so the projection to Z and ir x if are 
relatively measure-preserving. By the previous theorem then ir x if is an isomorphism. □ 



4.9 Uniqueness of Relatively Contractive Maps 

Proposition 4.9.1. Let tc : (X, v) — > (Y,n) be a relatively contractive G-map of G-space. 
Let a y be a Borel map Y — > P(X) such that a y is in the same measure class as D^y) for 
almost every y. 

Let Go be a countable dense subset of G. Then for any measurable set B C X and almost 
every y <EY , given a sequence {g n } in G (depending on y) such that Di 9 "\y)(B) — > 0, there 
is a subsequence {g^} such that a gn ^ y (g nj B) — > 0. 

Proof. Enumerate Go = {gi, g2, ■ ■ ■}■ Fix e > 0. Define the Borel map m t : Y — > Gq by 

m e (y) = inf{m : g m is in the given sequence for y and D ( f m \y)(B) < e}. 
which is Borel since D n is a Borel map. Define the Borel sets 

A,m = {y EY : m e (y) = m} 

so the A^ m are a disjoint collection of Borel sets. Note that if y G A^ m then D^ m \y){B) < e. 
Define the sets 

B e = \Jg m Bn7i-\A^ m ). 

rn 

Then B e is a Borel set in X. Observe that 

u(B e ) = J2 u (9mB n 7r- l (A eiTn )) 



- 35 - 



Stabilizers of Ergodic Actions of Lattices and Commensurators 



D. Creutz and J. Peterson 



< 

in 



J2 f D n (y)(g m B) drj(y) 

m 

= £^2v(A, m ) < e 

m 

oo oo 

Boo = P) U B 2 -t. 

n=l t=n+l 

Then 

oo oo 

//(.Boo) = Hmz/( I J B 2 -t) < lim V 2~* = 0. 

t=n+l t=n+l 

Define the Borel sets 

C s ,e, m = {y e A e , m : a 9my {g m B) > 5} 

and 

oo oo 

C<5,e = U ( ^ <5 > e ' m allC ^ C5,oo = P| [J C<5,2-*- 

m n=l t=n+l 

Note that we are using the fact that a y is in the same class as D v {y) almost everywhere in 
defining these sets and when we work with them below. Also define the Borel sets 



since the A^ m are disjoint. 
Now define the Borel set 



D s ,e = \Jg m B n n-\C s ^ m ) and D s = f] Q D 



oo oo 



n=l t=n+l 



so D 5 C 5^ for all 5 > 0. 

Define the measure a G -P(X) by a = f Y a y di](y). Observe that 



(£>*)= lim a( M D St2 - t ) 

t=n+l 

> lim sup a(Ds2-™- 1 ) = lim a^-D^ 2-™) 

n n ' 

= \imsup^2 a(g m B (1 7r _1 (C 2 -™, m )) 

n 

m 

= lim sup OL y {g m B) dr]{y) 



'Q,2- 

36 
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= lim sup / _ x ^ gmy (g m B) dgjrjiy) 

> lim SUp Y $9mV(gm C S,2-",m)) 
n 

m 

= 51imsup^r7(C (5i2 -„ im )) 

n 

m 

= 51imsup?7(|JC , 5i2 -n im ) 

n 

m 

= 5 lim sup r](Cs t 2- n ) 

n 

Therefore, since a is in the same measure class as v and D$ C B^, 

]imr)(C s> 2-») = 

n 

for all 5 > 0. 

For y £ Y, let fo ni2/ = (? m where y G A 2 -™ m . Then limsup n 
for almost every y G Y. Suppose that liminf n ah n , y y(h n ,yB) > for a positive measure set 
of y. Then there exists E CY with rj(E) > and 5 > such that limmf n a hn yy (h n>y B) > 5 
for all y G E. 

Therefore, for y G E, y G C§ :2 - n ,h n , y f° r & U sufficiently large n. Hence y G C^-n for 
all sufficiently large n. Since there are only countably many choices of n, there exists a set 
F (IE with 77(F) > and an N such that F C C 5)2 -n for all n> N. But lim^C^-n) = 
contradicting that r](F) > 0. Therefore 

lirninf a hnyy {h n ^B) = 

for almost every y and the claim is proved (take the subsequence for each y on which the 
liminf is attained which will be a subsequence of the original given sequence for y by the 
construction of A e ^ m ). □ 

Theorem 4.27. Let ip : {X,u) — > (Y,i]) be a relatively contractive G-map of G- spaces. Let 
n : (X, u) — >■ (Z, () and ip : (Z, () — > (Y, 77) be G-maps of G -spaces such that ip o ir — if). Let 
tt' : (X, u) — > (Z, (') and ip' : (Z, (') — > (Y, r/) be G-maps of G-spaces such that ip' o 71' = ip 
and such that ( and (' have the property that D^y) and D^^y) are in the same measure 
class for almost every y G Y . Then 71 = 71' almost everywhere, ip — ip' almost everywhere 
and ( = ('■ 

Proof. For each y &Y, define the Borel sets 

B y = {z G Z : ((p(z) = y and <p'(z) ^ y) or (p(z) ^ y and p\z) = y)}. 

Then B y C ^^(y) A((p')~ 1 (y). Since D^y) and D v >(y) are in the same measure class for 
almost every?/, D v (y)(ip^ 1 (y) A(v? / )~ 1 (y)) = hence D (p (y)(B y ) = D (pl (y)(B y ) = for almost 
every y. 
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Define the Borel set 

B = {z G Z : <p(z) + <pf(z)}. 

Then, for almost every y, 

D v (y)(B) = D v (y)(B n cp-\y)) = D v (y){z G if-\y) : if'{z) ^ y} < D 9 {y){B y ) = 0. 

Therefore ((B) = 0. Likewise, ('(B) = 0. Hence if = if' almost everywhere. 

Fix continuous compact models of X, Y and Z such that all the maps are continuous. Let 
U be a countable collection of open sets that generate the topology on X. For each U &U, let 
Y v be the measure one set on which the conclusion of Proposition 14.9. ll holds. Set Y = CVYj/ 
which is measure one since U is countable. Let x G 7r _1 (Yo) and set y = ip(x ). 

Suppose that 7r(x ) ^ tt'(xq). Then there B G U such that 7r(a;o) ^ B and ir'(x ) G B, 
that is 7r'(xo) is in the interior of B and tt(xq) is not in the closure of B. 

Let Go be a countable dense subgroup of G. Since ip is G-relatively contractive, it also is 
for G (Theorem I4.14p . Then there exists a sequence {g n } in G such that D^ n \y ) — > 8 X0 . 
So 

D^\y Q ) = ir*Df\yo) ttJ X0 = 5 w[xo) 

and likewise D$ n \y ) -> 5 T , (a . o) . 

Observe that 5 n ( XQ )(B\B) = since 7t(x ) ^ .B and that 6 n u XQ \(B\B) = since ^'(xq) G £>. 
Therefore £? is a continuity set for both S^ XQ ) and 6 w r( xo y So, by the Portmanteau Theorem 
for weak* convergence, 

DM(y )(B)^8 <Xo) (B) = 

and 

However, by Proposition 14.9.11 there is a subsequence of g„ such that D^" J \y )(B) — > 

and Dp™ 3 (yo)(B) — > 0. This contradiction means that tt(xq) = tt'(xo). 

As this holds for all xq G X, tt = tt' on the compact model. Hence 71 = 71' almost 
everywhere measurably. Then ( = tt*v = (tt')*i> = (' as well. 

□ 

Corollary 4.28 (Creutz- Shalom [CS12] ). Let (X,v) be a contractive G-space and let tt : 
(X, v) — > (Y, if) and tt' : (X, v) — > (Y, rj') be G-maps of G-spaces such that r\ and 7/ are in 
the same measure class. Then 71 = 71' almost surely and r\ = 7/. 

Proof. Consider the composition of maps ip o tt : (X, v) — > where ip : (Y, rj) — > is the map 
to the trivial system. Since (X, v) is contractive, if o tt is relatively contractive and so the 
preceding theorem gives the result. □ 

4.10 Joinings With Contractive Spaces 

Theorem 4.29. Let (X,u) be a contractive G-space and let (Y, rj) be a G-space. Then 
there is at most one joining (X x Y, a) of (X, v) and (Y, 77) such that the projection to X is 
relatively measure-preserving. 
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XxY 



Proof. Let / G L°°(Y,r]) and define 

F(x) = D prx (x)(fo WY ). 

Taking compact models for X and Y such that it is continuous makes clear that F is a 
bounded Borel function on X. Then for any g G G we have that, using that D pTx is 
relatively measure-preserving, 

gu(F) = [ F(gx) dv{x) 
Jx 

= f(w Y ( z ,y)) dD Wx (gx)(z,y) dv(x) 

JX J XxY 

= figWY&y)) dD Wx (x)(z,y) du(x) 

JX J XxY 

f(gpr Y (z,y)) da(z,y) 
= / f(gy) d(pr Y )*a(y) = / f(gy) dr](y) = grj(f). 

JXxY JY 

Suppose now that (X x Y, a\) and (X x Y, a 2 ) are both joinings such that pr x is relatively 
measure-preserving. Fix / G L QO (Y,r]) and let Fi(x) = D^ Tx (x)(f o pr y ) and F 2 (x) = 
Dp T (x)(f ° pry) where D p \ x is the disintegration of ctj over v. Set F(x) = Fi(x) — F 2 (x). 
Then F is a bounded Borel function on X and by the above we have that gv{F) = gv(Fi) — 
gv{F 2 ) = gi](f) — gi](f) = for all g G G. Since (X, v) is contractive we also know that 
ll-^IU^pc.j/) = sup 9 \gv(F)\ = 0. Therefore F(x) = almost surely and so Fi(x) = F 2 (x) 
almost surely. As this holds for all / G L°°(Y, rf) we conclude that 

(pr Y )*Dl Tx (x) = {wy)* d It x { x ) 

for almost every x G X. The conclusion now follows from the next Lemma applied to 
Wx x pr y . □ 

Lemma 4.10.1. Let (X, Vi), (Y,i]) and {Z,() be probability spaces and let v 2 G P{X). 
Let Ti : X — > Y and ip : X — >■ Z be measurable maps defined almost everywhere such that 
ix^Vj = i] for both j = 1,2. Let D\. denote the disintegration of Vj over rj. Define the map 
it x ip : X Y x Z by (ir x p)(x) = (ir(x),ip(x)). If tp^D^iy) = <p>*Dl(y) for almost every y 
then (ir x p) if v\ = (tt x p)*v 2 . 

Proof. Observe that for any / a bounded Borel function on Y x Z, 

(tt x <p)*Vj(f) = / f(n(x),<p(x)) duj(x) 
Jx 

f(ir(x),<p(x)) dDl(y)(x) drj(y) 
f(y,ip(x)) dDi(y)(x) drj(y) 




Y JX 



Y JX 
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f(y,z) d<p*Dl(y)(z) dr)(y) 



Y J Z 



and therefore, by the hypothesis that tp*D\ = (p*D^, we have that (71 x tp)*i>i(f) = (71 x 
¥ 3 )* z/ 2(/) for all / which means that (tt x y?)*^i = (rr x (p)^. □ 

Corollary 4.30. Let (X, v) be a contractive G-space and let (Y, rj) be a measure-preserving 
G-space. Then any joining of(X, v) and (Y,rj) such thatpr x is relatively measure-preserving 
is the independent joining. 

Proof. Observe that the independent joining (X x Y, v x 77) is a joining and that D pVx (x) = 
8 X x 77. Since (Y, 77) is measure-preserving, 



D pr x {gx) = 5 gx x 77 = (gS x ) xr] = (g5 x ) x (gr]) = g(S x x rj) = gD 



so pr x is relatively measure-preserving. By the previous theorem then the independent 
joining is the unique such joining. □ 

Corollary 4.31. Let (X,u) be a G-space such that n : (X, z/) — > (Y,rj) is a relatively 
measure-preserving G-map of G-spaces and if : (X, v) — > (Z, £) is a relatively contractive 
G-map of G-spaces where (Y, rj) is a contractive G-space and (Z, Q is a measure-preserving 
G-space. Then (X, v) is G-isomorphic to (Y x Z,r] x £). 

Proof. By Corollary 14. 261 the map 7r x (p is a G-isomorphism of (X, v) with (Y x Z, (tt x ip)*v). 
Now (pr Y )*(7T x ip)*v = ix*v = rj and likewise (pr z ) i „(7r x <p)*v = ( so this is a joining of (Y,rj) 
and (Z, (). Since n is relatively measure-preserving and 7r = pr x o (7? x <p) we have that pr x 
is relatively measure-preserving. The previous corollary then says that it is the independent 
joining. □ 

Corollary 4.32. Let (X, v) be a contractive G-space and tc : (X, v) — > (Y, rj) a G-map of G- 
spaces. Then the only joining of (X, v) and (Y, 77) such that the projection to X is relatively 
measure-preserving is the joining (X x Y,tt^u) where tt(x) = (x,tt(x)). 

Proof. Let D(x) be the disintegration of tt^v over v. Then D(x) is supported on {x} x Y fl 
supp tt*z/ = {(x,ir(x))}. Therefore D(x) = 5 {x ^ x)) . So D(gx) = 5 {gx ^ gx)) = 5 g ( x ,n(x)) = 
gb~(x,Tr{x)) — gD(x). By the previous theorem this is then the unique joining with projection 
to X being relatively measure-preserving. □ 

More generally: 

Theorem 4.33. Let (X, v) be a contractive G-space and tc : (X, v) — > (Y, rj) a G-map of G- 
spaces. Let Q G P(X x Y) be a joining of (X, v) and (Y, 77') for some rj absolutely continuous 
with respect to 77 such that the projection to X of Q to v is relatively measure-preserving. 
Then ( = fr*v where n(x) = (x, vr(x)) and in particular, rj = 77. 

Proof. Let D be the disintegration of ( over v. Then D(x) = 5 X x ( x for some ( x G P(Y) 
for almost every x. Note that D(gx) = gD(x) for g G G since the projection is relatively 
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measure-preserving and therefore ( gx = g( x for all g £ G. Let / £ C(Y). Define F £ 
L°°(X,z/)by 

= /(*(*))- &(/)■ 

Let e > and take x E X such that |F(x )| > ~ e - Since (X, v) is contractive, 

there exists g n E G such that g n z/ —> 8 XQ . Observe that, using that ( gx = g( x , 

g n v(F) = / f{n{g n x)) - ( gnX {f) dv{x) 
Jx 

= / f{g n ^{x)) - g n (x(f) dv{x) 

Jx 

= 9nV(f) ~ 9nV'(f) 

since J x ( x dv{x) = rf. 

Now rf is absolutely continuous with respect to r\ and g n i] = ix*g n v — > ir*8 Xo = 8 n ( xo y 
Since (Y,rj) is contractive, being a factor of a contractive space, by Corollary 14.281 (the proof 
of which goes through even when rf is only absolutely continuous with respect to and not 
necessarily in the same measure class as rj), g n r\! — > 6 n r xo ) also. Therefore 

9nv(F) = g nV (f) - g nV '(f) -> /(tt(x )) - f(n(x )) = 

since / £ C{Y). So we have that ||F|| < e. This holds for all e > so F(x) = almost surely. 
As this holds for all / £ C(Y) we then have that ( x = d^x) almost surely. This means that 
D(x) = 5 X x 8n( x ) — 8%(x) almost surely so ( = tx^v as claimed. Since projy = n^u = rj, 
then rf = projy ( = r). □ 

We also obtain a special case of a result of Furstenberg and Glasner. Proposition 3.1 in 
[FG1Q] states that there is a unique stationary joining between a G-boundary and an arbi- 
trary G-space; we obtain another proof of this fact when the G-space is measure-preserving: 

Corollary 4.34 (Furstenberg-Glasner |FG10j ). LetG be a group and [l £ P{G) a probability 
measure on G. Let (B,/3) be the (G, fi) -boundary and (X,u) a measure-preserving G-space. 
Then the only joining (B x X, a) of (B, j3) and (X, v) such that [x*a = a is the independent 
joining. 

Proof. Let tc : G N — > B be the boundary map (see [BS06] section 2), meaning that (3 W = 
lim n cji ■ • • cu n {3 = /i N -almost surely and 7r*/x N = j3. Since a is //-stationary, a = 

J a u dfi N (tu). Now (projs)*^ = (3 U = and (proj^)*^ = v w = v since (X,u) is 

measure-preserving. Therefore a w = x v an d since n*fi N = (3 then the disintegration 
of a over (3 is D(b) = 5b x v which is G-equivariant. Hence the projection to B is relatively 
measure-preserving so the claim follows by the previous corollaries. □ 

For completeness, we point out an example showing that there can in fact be no joining 
at all with the projection to the contractive factor being relatively measure-preserving. A 
concrete example of this can be found in the case when G = PSL3(r) in which case the 
boundaries (under any admissible measure) are of the form G/P, and G/Q where Q is a 
parabolic subgroup containing P (see Furstenberg's work |F ur63 ] for details). 
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Let ( Y, 77) be GJ P, the Poisson boundary of G, let (X, v) beG/Q, a proper factor of Y and 
let 7r : (Y, rj) — > (X, v) be the natural factor map. Suppose that (XxY, a) is a joining of (X, v) 
and (Y, 77) such that the projection to X is relatively measure-preserving. Take continuous 
compact models for the spaces and let y G Y be arbitrary and set x = it(yo). Since (Y, 77) is 
contractive there exists g n G G such that g n r\ — > 5 yo and therefore g n v = ~K*g n r\ — > n*5 yo = S xo . 

Since the projection to X is relatively measure-preserving, 



and therefore (pr Y )*D pTx (xo) = S^t^ meaning that D pTx (x ) = S XQ x 6 n t XQ y This yields a 
map X — > Y which is clearly G-equivariant forcing Y to be a factor of X but this is ruled 
out by the choice of X and Y. 

4.11 The Operator Algebraic Formulation 

We pause here to note that properties of relatively contractive maps can be alternatively 
formulated in the language of operator algebras. Thus, there may be similar phenomena 
occurring in the noncommutative setting. For example, we can restate Theorem 14.331 as: 

Theorem 4.35. Let (X, v) be a contractive G-space. If B C L°°(X, v) is a G-invariant von 
Neumann subalgebra and $ : B — > L°°(X, v) is a G-equivariant normal unital (completely) 
positive map then $ = id. 

The above should be compared to Proposition 3 in Ozawa |Oza07j . The other results in 
this section can be similarly rephrased; this is another indication of the greater flexibility 
allowed by contractive actions over boundary actions: the operator algebraic formulations 
are much more straightforward and easier to work with. 

4.12 Contractive Actions and Lattices 

We address an open question about contractive actions and lattices. The result in question 
is that restricting a contractive action to a lattice is indeed a contractive action for a lattice. 
This had been previously shown for cocompact lattices and for the action of a lattice on a 
G-boundary [CST2] . 

Theorem 4.36. Let G be a locally compact second countable group and V < G a lattice. Let 
(X, v) be a contractive G-space. Then the restriction of the G-action to T makes (X, v) a 
contractive T- space. 

The above theorem is a consequence of a more general result about relatively contractive 
maps: 

Theorem 4.37. Let Y < G be a lattice in a locally compact second countable group. Let 
tt : (X, v) (Y, if) be a relatively contractive G-map of G-spaces. Then the restriction of 
the actions to Y makes tt : (X, v) — > (Y, 77) a relatively contractive Y-map. 




but on the other hand 



(j)T Y ) Sf g n a = g n rj -)• 5, 
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The two above theorems follow from: 

Proposition 4.12.1. Let Y < G be a lattice in a locally compact second countable group. 
Let n : (X, v) — > (Y,rj) be a Y-map of Y -spaces and consider the induced map II : G x r X — > 
G Xp Y . IfYlisa relatively contractive G-map then it is a relatively contractive Y-map. 

Proof. Fix a fundamental domain (F,m) for G/Y as in the induced action construction (see 
Section I2.2.4p and let a : G x F — > Y be the associated cocycle for the G- action on F x X. 
Let $ : (F x X, m x v) — > (F x Y, m x rj) by $ = id x tt. Then $ is isomorphic to II over 
the canonical isomorphisms Gx r I~FxI and G x r Y ~ F x Y (Section I2.2.5P so $ is 
relatively contractive. Consider the disintegration map _D$ :FxF-> P(F x X). Observe 
that for (f,y)eFxY 

since $ = id x it and all the spaces have the product measure. Now consider the conjugates 
of the disintegration map: let q G L°°(F x X,m x u), g G G and (fo,y) & F xY. Then 

4 9) (/o,l/)(g)= / q{f,x)dg- 1 D^{g{f {il y)){f 1 x) 

= / Qig^if,^)) dD^(gf a(g,f ),a(g,f )~ 1 y)(f,x) 

JFxX 

= / q{g~ 1 fac{g~ 1 ,f),a{g- 1 ,f)- 1 x) dS gfoa{g j o) x D^(a{g, hY l y)(f,x) 

JFxX 

qig^gfoaig, f )a(g~\ gf a(g, f )), a(g^, gf a(g, fo^x) dD n (a(g, f )~ 1 y)(x) 

<l(foa(g, fo)a(g, /o) -1 , a(g, f )x) dD n (a(g, f )~ 1 y)(x) 

= / q(fa,ai{g,fo)x) dD w (a{g,f y 1 y)(x) 
Jx 

= [ q(f ,x) dDW*<M-%)(x). 
Jx 

Therefore 

D%\f,y)=6 f xD^- 1 \y) 
Now take r G L°°(X, v) and define q(f,x) = r(x). Then for m x ?7-almost every (f,y) 

\\q\\L°°(FxX,D*(f,y)) = \\r\\L°°(X,D n (y)) 

and since $ is relatively contractive, for m x 77-almost every (/, y) there exists g n G G such 
that 

D { t\f,y){q) -> ||?IU»(Fxx,£>#(/,tf))- 

Therefore 

*/ x J D[ a(9 "' /) " 1) (y)(9) ||r|U W . {3/ )) 
and by construction of q then 

^ _l) (ll)(r) llrllx-^ArW)- 
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Hence for //-almost every y there exists a sequence •y n = a(g n , f) 1 G Y (outside of possibly 
a measure zero set, which / is chosen is irrelevant) such that 

D^\r) -> \\r\\ L *o {x>DAy)) 

which means that tt is relatively contractive. □ 

Proof of Theorem \4-3T\ Consider the G-space (F x X, m x u) where m is the G- invariant 
probability measure on F, a fundamental domain for G/Y with cocycle a : G x F — > Y, and 
the space has the diagonal G-action. Since (X, u) is a G-space, the map ip : G x^X — > FxX 
by ip(\g,x]) = (ga(g,e), gx) is well-defined because a(gj,e) = •y~ 1 a(g,e) so 

^{{91, T 1 A) = (91oc(g, 7),^77" 1 x) = (ga(g, e),gx) = ip([g,x]). 

Also 

i(>(h ■ [g, x]) = ip([hg, x]) = (hga(hg, e), hgx) = (hga(g, e)a(h, ga(g } e)), hgx) 
= h ■ (ga(g, e), gx) = h ■ if)([g, x]) 

so ip is a G-map. The mapping (/, x) 1— > [f, f~ l x\ inverts ip and is also a G-map hence ip is 
a G-isomorphism. 

Now the measure corresponding to G x is given by r* (m x z/) where r : FxX — > GxpX 
is given by r(f,x) = [f,x] (F is a fundamental domain for G/T and m is Haar measure on 
F). So 

= i/)*T*(m x v) = / 5f x fi> dm(f). 



Therefore G x r X is G-isomorphic to (F x X, J Sf x /V dm(f)). Likewise, the measure for 
G x r K is p*(m x z/) where p:FxF— ^Gx r Fis given by p(f,y) = [f,y]- So, (Y,rj) is 
G-isomorphic to (F x Y, J 8f x fr] dm(f)) with the diagonal G-action. 

Moreover, the induced map II: GxpX— > G x-pY is given by II = po (id x n) or 1 where 
idx7r:FxX— ^FxFisidx ir(f, x) = (f, tt(x)). Composing with the above isomorphisms, 

: (F X X, J 8f x fu dm(f)) — >■ (F x Y, J 5f x frj dm(f)) is given by ^ = id x 7r also. 

Then 

D^f,y) = 5 f xD(J- 1 \y) 

where D w is the disintegration of v over 77 (hence -D^ is the disintegration of fu over /r/). 
So, for any g G G, 

4 9) (/, 2/ )=5 / x J D^ 1 )(y). 

Since 7r is a relatively contractive G-map, then so is ^ (take the sequence g n for 7r and 
append f~ l to each term) and therefore so is II. By Proposition 14. 12.T1 then tc is a relatively 
contractive T-map. □ 

Proof of Theorem \4-36] Take the map it : (X, z/) — > where is the trivial one-point system. 
Then tt is a relatively contractive G-map since (X, z/) is a contractive G-space. Hence by 
Theorem 14.371 the restriction of the G-action to Y makes tt a relatively contractive T-map 
from the T-space (X, u) to the trivial system. Hence (X, u) is a contractive T-space. □ 
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4.13 The Intermediate Contractive Factor Theorem 

Theorem 4.38. Let T < G be a lattice in a locally compact second countable group and let 
A contain and commensurate T and be dense in G. Let tt : (X, v) — > (Y, r]) be a G-map of 
G-spaces that is relatively contractive. Let (Z, () be a A-space such that there exist T-maps 
<p : (X, v) — > (Z, () and p : (Z, () — > (Y, r/) with p o (p = tt. Then <p and p are A-maps and 
(Z, () is A-isomorphic to a G-space and over this isomorphism the maps ip and p become 
G-maps. 

Proof. Fix A G A. Define the maps (px : X — > Z and p\ : Z — > Y by <p\(x) = X~ 1 ip(Xx) and 
Px(z) = X^pi^Xz). Then p A oip x (x) = A _1 p(AA _1 (^(Ax)) = A _1 p(<p(Ax)) = A _1 7r(Ax) = ir(x) 
since tt is A-equivariant. Let T = T fl A _1 TA. Then for 70 G r , write 70 = A~ X 7A for some 
7 G T and we see that <p A (7 x) = A~ 1 <p(A7 a;) = A~ 1 <p(7Ax) = A _1 7<p(Ax) = 7 A _1 <p(Ax) = 
r y ipx(x) meaning that ip x is r -equivariant. Likewise p\ is r -equivariant. Hence (p, (p\, p 
and p\ are all ro-equivariant. Since tt is a relatively contractive G-map and To is a lattice 
in G (since A commensurates T) we have that the four maps are all relatively contractive 
r -maps by Theorem 14.371 By Theorem 14.271 we can conclude that <p\ = <p and that px = P 
provided we can show that the disintegration measures D p (y) and D Px (y) are in the same 
measure class for almost every y. Assuming this for the moment, we then conclude that tp is 
A-equivariant since (fx — f for each A. The a- algebra of pullbacks of measurable functions 
on (Z, () form a A-invariant sub- a- algebra of L°°{X ) v) which is therefore also G-invariant 
(because A is dense in G) and so (Z, () has a point realization as a G-space |Mac62j and 
likewise <p and p as G-maps. 

It remains only to show that the disintegration measures have the required property. First 
note that D p {y) = Lp*D po(p (y) by the uniqueness of the disintegration measure and likewise 

that D Px (y) = (ip x )*D Px0[px (y) = A"V*Af w (|/) = A" 1 ^*- ^ \Xy). Now p o ip = tt is a 

A-map so \Xy) is in the same measure class as D p0ip (Xy). Therefore D px (y) is in the 
same measure class as X~ l tp*D poip (Xy) = A~ 1 D p (Ay). Now X^Dp^Xy) disintegrates A _1 £ over 
X^T] via p and A -1 £ is in the same measure class as ( since (Z, () is a A-space. Therefore, 
by Lemma 14.1.41 ^~ 1 D p {Xy) and D p (y) are in the same measure class for almost every y. 
Hence D Px (y) and D p (y) are in the same measure class for almost every y as needed. □ 

4.13.1 The Original Contractive Factor Theorem 

As a corollary we obtain a slightly improved form of the Contractive Factor Theorem: 

Corollary 4.39 (Creutz-Shalom |CS12j ). Let V < G be a lattice in a locally compact second 
countable group and let A contain and commensurate V and be dense in G. Let (X, v) be 
a contractive G-space and tt : (X, v) — > (Y,i]) a T-map to a A-space. Then tt is a A-map, 
(Y, rf) is A-isomorphic to a G-space and over this isomorphism tt is a G-map. 

Proof. As usual, take the relatively contractive map from (X, v) to the one-point system and 
apply the Intermediate Contractive Factor Theorem. □ 
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4.13.2 The Piecewise Intermediate Contractive Factor Theorem 

For our study of stabilizers, we will need a slightly stronger form of the Intermediate Con- 
tractive Factor Theorem: 

Theorem 4.40. Let T be a group and let A be a group that contains and commensurates Y. 
Let p : (Y,rj) — > {X,u) be a A-map of A- spaces such that p is a relatively contractive Y-map. 
Let (Z, () be a Y -space and ir : (Y, i]) — > (Z, Q and if : (Z, () — >• (X, u) be Y-maps such that 

If O 7T = p. 

Assume that Z is orbital over X : for any y G Y and x G X such that yx = x, if z G Z 
such that f(z) = x then yz = z. 
Fix A 6 A, define the Borel set 

E = E x = {x G X : Xx G Yx}, 

and define the map 9x : (f~ x {E) — >■ Z as follows: for z G if _1 {E) choose 7 G Y such that 
Xif(z) = 7</?(< 2 and define 9x{z) = yz (this is well-defined since Z is orbital). 

Then n(Xy) = 9x{n{y)) for almost every y G p^ 1 (E). In particular, for almost every y 
such that Xp(y) = p(y) we have that n(Xy) = n(y). 

The proof of the theorem will proceed as a series of Propositions. Retain the notation 
above throughout: 

Proposition 4.13.1. 9 x (if- 1 (E)) = if~ 1 (XE). 

Proof. Let z G 9x{f~ 1 {E)). Then z = Ox{w) for some w G tf~ l (E) so X<f(w) = y<f{w) for 
some 7 G Y hence z = yw by the definition of Ox- Then if(z) = <f(yw) = ^(f(w) = Xip(w) G 
XE. Therefore 9 x {ip~\E)) C if'^XE). 

Conversely, let z G if~ l (XE). Then (f(z) = Xx for some x G E so there exists 7 G Y 
such that tp(z) = Xx = yx. Now (f( r y~ 1 z) = y' 1 if{z) = x G E and Ax = yx so 9x{y~ 1 z) = 
7(7-^) = z. Therefore z = 9 x {T 1 z) e 9 x (^p~ 1 {E)) so ip'^XE) C 9x{^\E)). □ 

Proposition 4.13.2. 9\ is invertihle: there exists 9^~ l : 9 x {f~ 1 {E)) — » E such that 9~^ 1 9 x is 
the identity on Lp~ l (E) and 9x9^ is the identity on 9 x {f~ 1 {E)). 

Proof. Let w G 9x{f~ 1 {E)). Then w = 9x{z) for some z G ^^(E) so w = yz for some 7 G T 
such that Xif(z) = y<f(z). Note that if 7,7' G Y are both such that Xf(z) = y<f(z) = y'tp(z) 
then y~ l y' (f(z) = if(z) so as Z is orbital then y^^-y'z = z. Define 9^ 1 (w) = y^w. This is 
then well-defined since ( , y')~ 1 w = (y')~ 1 yy~ 1 w = (y')~ 1 yz = z = y^w because y^y'z = z. 
Then 9 x ~ 1 (9x(z)) = 9 x ~ 1 (w) = z and 9x(9 x ~ 1 (w)) = 6\{z) = w hence the proof is complete 
(since 9x maps onto its image). □ 

Proposition 4.13.3. r = Y fl A^TA is a lattice in Y and E is Y -invariant. 

Proof. Y has finite index in Y since A commensurates Y hence is a lattice. Observe that for 
70 G r and x G E, writing 70 = A _1 7A for some 7 G Y we have that 

Xy x = XX~ x yXx = yXx G 7Fa; = Yx 

and therefore the set E is To-invariant, that is A70X G Yx whenever Xx G Yx. □ 



- 46 - 



Stabilizers of Ergodic Actions of Lattices and Commensurators 



D. Creutz and J. Peterson 



Proposition 4.13.4. Define the map ir x : Y — >■ Z as follows: for y G p~ x (E) set it\(y) = 
9^ (ir(\y)) and for y p~ l (E) set it\(y) = ir(y). Likewise define the map cp x ■ Z — > X by 
(fx(z) = X" 1 ip(9\(z)) for z such that <p(z) G E and <p\{z) = (p(z) for z such that <p(z) ^ E. 
Then (p x o n x = <p o n = p an d both 7T X and (p x are T -equivariant. 

Proof. Note that in fact tp\ = tp since for z G ip~ x {E) and 7 G V such that \<p{z) = 7¥>(z) 
we have that X^ip^z) = \~ lr y(p(z) = ip(z) but we will find it helpful to distinguish these 
maps since the measures ir^i] and (tt x )*i] may be distinct and we will be treating ip x as a 
map (Z, (7Ta)*^) — > (X, u) and tp as a map (Z, 71^77) — > (X, v). 
Now for y such that p(y) G E, observe that 

<Px(* x {y)) = \- l ^9 x 9- x \{\y)) = A"V(7r(Ay)) = A'^Ay) = p(y) 

since p is A-equivariant. Clearly for y such that p(y) ^ E we have <p x (Tr x (y)) = ip\(ir(y)) = 
(p{Ti{y)) = p(y). Hence <p x o vr A = p. 

Observe that for 7 G T , writing 7 = A _1 7A for some 7 G T, we have that for y such 
that p(y) G E, also pipfoy) = lopiy) G E since is r -invariant, so 

nxiloy) = 9^{\ lQ y) = 9-\( 1 \y) = 9^n(Xy) = 9^9 ^(Xy) = 9^9 x n x (y). 

Now observe that for z such that (p(z) EE (which includes 7r x (y) for p(y) G E), write 7' G T 
such that 9 x z = j'z and observe that then \<p(z) = 7V( 2 an d so 

77'7o"V(7o^) = 77V(*) = 7A<?0) = A7 <^(z) = A^fro*) 
which in turn means that 

#a(7o^) = 77 , 7 " 1 (7o^) = 77^ = 7#a(z) 

and therefore 

K\{ioy) = 9^9 X 7Tx(y) = 0~^0\ioir\{y) = ^x(y)- 
Of course, for y such that p{y) ^ E we have that 702/ ^ £7 and so 

tta(7o2/) = tt(7o2/) = lo^(y) = lo^\{y) 

and we conclude that tt x is r -equivariant. Note that (p x = <p so y2 A is likewise r -equivariant. 

□ 

Proposition 4.13.5. The maps 7r,ip,7r x ,ip x are all relatively contractive T -maps. 

Proof, p is a relatively contractive T-map hence is a relatively contractive To-map since To 
has finite index in T. Since (p x o tt x = p> o 7r = p then the maps are all relatively contractive 
(Theorem [Op. □ 

Proposition 4.13.6. Q x is in the same measure class as (. 

Proof. Let B C Z be measurable such that B n ^(-E) = 0- Then 7r _1 (B) n p _1 (£) = 
^(Bfl^ 1 ^)) = and n^ 1 (B) n p' 1 {E) = tt^ 1 (B D (p^ 1 (E)) = since <p = <p x pointwise. 
So 7i x (y) = n(y) for y G 7r _1 (.B) and for y G tt x (B). Then 

C A 0B) = i^B)) < ^(^(B)))) = n{^\B)) = ((B) 
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and likewise 

((B) = V (n-\B)) < V (n-\n x (n- x \B)))) = r,fc\B)) = ( X (B) 

hence ((B) = ( X (B) for B C ip~ l (E c ). 

Now let B C Z be measurable such that B C (p~ x (E). For x & E, measurably choose 
•y x G T such that Ax = ^ x x. Write F 1 = {x G E : j x = 7}. Define the disjoint sets 

fi 7 = Bn^(B 7 ). 

Then 9 X (B^) = ^B 1 by the definition of 9 X . 

Suppose first that ((B) = but that (\(B) > 0. Then 

< ( X (B) = i](X~ 1 7r' 1 (9x(B))) = X^Tr-'ie^B))) 

so, since rj is in the same measure class as Xr], 

0<r ] (n- 1 (6 x (B)))=((6 x (B)). 

Now 

c(0x(b)) = c(0a(|_> 7 )) = Ec(7^) = E^ 1 ^) 

7 7 7 

and therefore there exists 7 G T such that 7 _1 C(-B 7 ) > 0. Since ( is T-quasi-invariant then 
((B 7 ) > for some 7 G T. But then ((B) > ((B 7 ) > contradicting that ((B) = 0. 
Suppose now that ((B) > but that (\(B) = 0. Observe that 

( x (B) = (n x )MB) = v(^-\e x (B))) 

= x^-^Ub,))) = Y^r 1 ^- 1 ^)) 

7 7 

and therefore 7 _1 A?7(7r _1 (.B 7 )) = for all 7 G V. By the A-quasi-invariance of rj, then 
77(7T -1 (5 7 )) = for all 7 G T. But then 

C(fi)=r ? ( 7 r- 1 (fi))=r ? (U7r- 1 (5 7 )) = 

7 

contradicting that C(-S) > 0. □ 

Proof of Theorem \4.40[ We are now in the situation of having tt : (Y,rj) — > (Z,(), f '■ 
(Z, () — > (X, u), n x : (Y, rf) — > (Z, ( x ) and ip x : (Z, ( x ) — > (X, z/) all r -maps of r -spaces such 
that (/? o 7r = (^a o 7Ta = p is a relatively contractive To-map and such that the disintegration 
measures D v (x) and D Vx (x) are in the same measure class for almost every x (which follows 
from the previous proposition and Lemma 14.1 .4p . By Theorem 14.271 then 71 = tt x almost 
surely and ( x = (. 

Therefore for almost every y such that p(y) G E we have that 

ir(Xy) = 9 x 9-\(Xy) = 9 x n x (y) = 9 x n(y). 

□ 
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5 Weak Amenability of Actions of Lattices 

A key fact in our study of stabilizers of commensurators and lattices is that if an action of 
the commensurator has infinite stabilizers then the restriction of the action to the lattice 
is weakly amenable (the equivalence relation corresponding to the action of the lattice is 
amenable) : 

Theorem 5.1. Let V < G be a lattice in a locally compact second countable group and let A 
be a countable dense subgroup of G such that V < c A. 

Assume that for every ergodic measure-preserving action of G either the restriction of the 
action to A has finite stabilizers or the restriction of the action to V has finite orbits. 

Let A rx (X, v) be an ergodic measure-preserving action. Then either A has finite stabi- 
lizers or the restriction of the action to T is weakly amenable. 

Proof. Let (B, p) be any Poisson boundary of G. Then G rx (B, p) is contractive and 
amenable (Zimmer [Zim84|; reproduced as Proposition 12.4.2!) . Then T rx (B,p) amenably 
since T is closed in G (Zimmer [Zim84j; reproduced as Proposition 12. 4. 31) . Let A be an affine 
orbital T-space over (X, v). Then there exists T-maps 7r : B x X — > A and p : A — )■ X such 
that pon is the natural projection to X (Zimmer [Zim84j ; reproduced as Proposition 12.4.5]) . 

By the Intermediate Contractive Factor Theorem (the piecewise version-Theorem I4.40|) , 
for almost every iGl and b G B and for any A G stabA(x) we have vr(A(6, x)) = tt(6, x). 

By standard arguments (see Appendix B in [Zim 84j). there exist Borel models for the 
spaces B, X and A, and the maps 7r and <p. Moreover, there is a Borel section X — > (B — > A) 
for 7r: for almost every x there is a Borel map ir x : B x {x} — > A x where A x = f~ l ({x}). The 
conclusion of the Intermediate Contractive Factor Theorem is that n x o A = 7T X for almost 
every x and all A G stab^(x). Since composition is weakly continuous on the space of Borel 
maps, treating the A action as a Borel map B — >• B, then ir x o g — tt x for almost every x and 
all g G stabA(^c); that is, ir(gb,x) = n(b,x) for almost every x and b and all g G stabA(x). 

Define the map s : X — > S(G), where S(G) is the Borel space of closed subgroups of 
G equipped with the conjugation action by G, by s(x) = stabA(x). Observe that s(Xx) = 
AstabA(x)A _1 = A • s(x) so s is a A-map. Let r\ G P(S(G)) be r\ = s*v. 

Let (X, v) be an action of G giving rise to the invariant random subgroup rj. Such an 
action exists by Theorem 13.31 Then (S(G), rf) is a G-factor of (X,u) and r] = s*z/ where 
'six) = stabc(5f). Then anything true of the stabilizer stabc(5f) of almost every x G X is 
also true of the closure of the stabilizer stabA(£) of almost every x G X. 

Since A acts ergodically on (X, v) and (S(G),r]) is a A-factor of (X, v) then A acts 
ergodically on (S(G),rj). Since A is dense in G, G acts ergodically on (S(G),rj). Therefore 
we may assume G acts ergodically on (X, v) by Proposition 13.3.11 

By hypothesis, the G-action on X either has finite orbits when restricted to T or the 
restriction to A of the action has finite stabilizers. Suppose first that the action is such that 
A n stabfj(x) is finite for almost every x (for some affine orbital T-space over (X, u)). Then 
stabA(x) fl A is finite for almost every x and therefore stabA(x) is finite for almost every x 
meaning the A-action on (X, v) has finite stabilizers, in which case the proof is complete. 
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So assume instead that Gr\ (X, v) has finite orbits when restricted to T (for every affine 
orbital T-space over (X, v)). Then V fl stab^x) has finite index in V for ^-almost every x 
(since the T-orbits are finite almost surely). Therefore T n stabA(x) has finite index in T for 
i/-almost every x. Let T^. = T fl stabA(x) be this lattice. Note that ^(76, x) = 7r(b,x) for 
every 7 G 1^ and almost every b G B. 

For each such x, let A x be the fiber over x in A and define the map ir x : B — > A x by 
7^x(b) = 7r(b,x). Now {B,(3) is a contractive G-space hence is a contractive T^-space (by 
Theorem 14.361 since T x is a lattice in G) and we will now treat (A x , (7r x )*f3) as a r x -space 
with the trivial action. Observe that for any 7 G r x and almost every b G B, 

7^(76) = 7r(7&,x) = 7r(6,x) = ix x {b) = JTT x (b) 

and therefore n x is a r x .-map meaning that (A x , (ir x )*f3) is a contractive r x .-space. Since the 
r x -action on it is trivial, {ir x )*(3 must be a point mass. Let c x G A x be the point (tt x )*(3 
is supported on. Then n(b,x) = c x for almost every b so the mapping x H- c x inverts <y9. 
Moreover, this map provides an invariant section for A since for any 7 G T we have that 
c 7 x — vr(6, 7X) for almost every b G B and so c 7X = ^(76, 7a?) = 771(6, x) = 70^ for almost 
every b £ B and x G X so x H- c x is T-equivariant. 

As this holds for all affine orbital T-spaces over (X, v) the action of T on (X, v) is weakly 
amenable. □ 

We remark that the only point in the proof where we used that (X, v) is measure- 
preserving under the A-action was to extend the A-action on (S(G),rj) continuously to a 
G-action. 

Corollary 5.2. Let T < G be a lattice in a locally compact second countable group with 
property (T) and let A be a countable dense subgroup of G such that T < c A. 

Assume that for every ergodic measure-preserving action of G either the restriction of the 
action to A has finite stabilizers or the restriction of the action to T has finite orbits. 

Then any ergodic measure-preserving action A rv (X, v) either has finite stabilizers or 
the restriction of the action to T has finite orbits. 

Proof. By Theorem 15 .11 if the action of A does not have finite stabilizers then the restriction 
of the action to T is weakly amenable. By Proposition 12.4.11 then almost every T-orbit is 
finite since T inherits property (T) from G. □ 

6 The One-One Correspondence 

We obtain a correspondence between invariant random subgroups of A and of the relative 
profinite completion (see Section 12 . 1 .2[) using the previous corollary. 



6.1 Invariant Random Subgroups of Commensurators 

We can restate our previous corollary in terms of invariant random subgroups: 
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Corollary 6.1. Let T < G be a lattice in a locally compact second countable group with 
property (T) and let A be a countable dense subgroup of G such that V < c A. 

Assume that for every ergodic measure-preserving action of G either the restriction of the 
action to A has finite stabilizers or the restriction of the action to T has finite orbits. 

Then any ergodic invariant random subgroup rj G P(S(A)) of A is either finite (r)- almost 
every H G S(A) is finite) or rj contains F up to finite index: for r}- almost every H G S(A), 
we have \T : H D T] is finite. 

Proof. An ergodic invariant random subgroup can always be realized as the stabilizer sub- 
groups of a measure-preserving A-action (Theorem 13.31) . By Corollary 15.21 this action either 
has finite stabilizers, in which case the invariant random subgroup is finite, or has finite 
T-orbits which means that a finite index subgroup of T fixes each point. □ 

6.2 The One-One Correspondence of Invariant Random Subgroups 

Theorem 6.2. Let V < G be a lattice in a locally compact second countable group with 
property (T) and let A be a countable dense subgroup of G such that Y < c A. 

Assume that for every ergodic measure-preserving action of G either the restriction of the 
action to A has finite stabilizers or the restriction of the action to V has finite orbits. 

Then there is a one-one, onto correspondence between commensurability classes of infi- 
nite ergodic invariant random subgroups of A and commensurability classes of open ergodic 
invariant random subgroups of A//Y. 

We prove some preliminary facts before proving the theorem. 

Proposition 6.2.1. Let V < c A such that every infinite ergodic invariant random subgroup 
of A contains T up to finite index. Let r : A — > Symm(A/r) be the map defining the relative 
profinite completion (see Section Y2.1.£\) . 

The map c : S(A) — > S(A//T) given by c(L) = t(L) is a A-equivariant map taking infinite 
ergodic invariant random subgroups of A to open ergodic invariant random subgroups of A//Y . 

Proof. For notational purposes, write 

H = A//T = t(A) and K = t(T) 

and note that A' is a compact open subgroup of H. 

Let v G P(S(A)) be an infinite ergodic invariant random subgroup of A. By hypothesis, 
v contains T up to finite index almost surely. For L G S(A), let 

K l = t(LDT). 

Since L D T has finite index in T almost surely, we have that has finite index in K almost 
surely: [r(T) : r(L fl T)] < [T : L fl T] < oo so [r(T) : r{L PI T)] < oo since finite index passes 
to closures. Therefore Kl is a compact open subgroup (since K is a compact open subgroup 
of the locally compact totally disconnected group H). In particular, c(L) contains Kl and 
therefore c(L) is an open subgroup of H almost surely. 
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Therefore c maps 5(A) to open subgroups of H. Recall that H rx S(H) by conjugation 
and therefore A rx S(H) by A ■ L = t(\)Lt(\)~ 1 . For A G A and L G 5(A) 

c(A • L) = r(ALA- 1 ) = r(A)7(Z)r(A)- 1 = A ■ c{L) 

and therefore this mapping is A-equivariant. Let 77 G P(S(H)) be the pushforward of v 
under this map. Then 77 is r(A)-invariant hence if-invariant since r(A) is dense in H and H 
acts continuously on S(H). Since v is ergodic, so is rj. □ 

Proposition 6.2.2. The map d : S{A//T) 5(A) 6y d(M) = t~ x {M n r(A)) ftas 
following properties: 

(i) c(d(M)) = M /or a// open M G S(A//T); 

(ii) d(M n Q) = d(M) n d(Q) /or a// M, Q G S(A//T); 
{in) L < d(c(L)) for all L G 5(A); 

(iw) [d(c(L)) : L] < 00 /or a// L G 5(A) swc/i £/ia£ [T : F n L] < 00; and 
(v) for open M,Q G 5(A//T) u»tfi Q < M, if [M : Q] < 00 £/ierz [d(Af) : d(Q)] < 00. 
Proof. Let M be an open subgroup of A//Y. Then 

c(d(M)) = t(t- 1 (M Dt(A))) = M D r(A) = M 

since M is open (hence also closed) and r(A) is dense in A//T, proving the first statement. 
Now let M,Q G 5(A//r). Then 

d(M) n d(Q) = t~\M n r(A)) n r _1 (Q n r(A)) = r _1 (M n Q n r(A)) = d(M n Q) 

proving the second statement. 

Let L G 5(A). Then d(c(L)) = r -1 (r(L) Dr(A)) and r(L) C r(A) so L is a subgroup of 
d(c(L)), proving the third statement. Now let L be an infinite subgroup of A. Define the 
group 

Q = c(L)nr(A). 

Then t(L) is dense in Q and X = t(T) is open in if = r(A) so Q C Kt(L). Let h E Q, 
then h = kn for some k & K and n G t(L). Therefore /in -1 G If and also G t(A). By 

Proposition I2.1.3[ if D r(A) = t(T) so we have that hrT 1 G r(r). Hence 

Q C r(r)r(L) = r(I\L). 

We will use the notation [A : 5] when v4 and B are merely subsets (and not necessarily 
subgroups) to refer to the smallest number of elements of A such that the left translates of 
B by those elements cover A. Observe that, since L contains V up to finite index, 

[Q : t{L)} < \t{YL) : t(L)} < [TL : L] = [T : T n L\ < 00 

so Q is a finite index extension of t(L). 
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Now write R = T~ l {Q) = t~ 1 {t{L) n r(A)). Then t(R) = Q. Write R = i?nker(r) and 
Lq = L n ker(r). Since Rq C ker(r) and ker(r) C T, by the isomorphism theorems we have 
that 

[Ro : L ] < [ker(r) : L n ker(r)] = [Lker(r) : L] < [LV : L] = [T : T f] L] < oo. 

By Lemma [6.2.31 b elow . 

[R:L}< [r(R) : r(L)][R : L ] = [Q : r(L)p : L ] < oo 

since Q is a finite index extension of t(L). Therefore L has finite index in t _1 (t(L) Dr(A)) = 
d(c(L)) proving the fourth statement. 

Now let M, Q be open subgroups of A//T such that [M : Q] < oo. Observe that Q fl r(T) 
is then open so r(r)/Qflr(r) is both compact and discrete, hence finite. Since r(d(Q)) = Q 
then we have [r(T) : r(d(Q)) H r(f)] < c». Therefore [r(T) : r(d(Q)) fl r(T)] < oo. 

Since ker(r) = r _1 ({e}) = d({e}), 

[ker(r) : d(Q) fl ker(r)] = [tZ({e» : d(Q) n d({e})] = {d({e}) : d(Q n {e})] = 1 

hence by Lemma [6.2.31 

[T : T n d(Q)] < [r(T) : r(r n d{Q))\ [ker(r) : d(Q) n ker(r)] = [r(T) : r(r fl d(Q))] < oo. 

Similarly [d(M) n ker(r) : d(Q) n ker(r)] = 1, so by Lemma EZSl 

[d(M) : d{Q)] < [r{d{M)) : r(d(Q))][d(M) n ker(r) : d(Q) n ker(r)] < oo 

since [r(d(M)) : r(d(Q))] = \c(d(M)) : c(d(Q))] = [M : Q] < oo, proving the final statement. 

□ 

Lemma 6.2.3. Let <ft : C — >■ D be a group homomorphism and A C C and B (1 A be subsets. 
Then 

[A: B]< [<p(A) : 0(5)][ker(0) : 5 n ker (<£)]. 

Proof. Assume both indices on the right are finite, otherwise there is nothing to prove. Let 
X be a finite system of representatives for <f>(A) / <f>(B) (that is, 4>{A) C U^gx^^))- Let y 
be a finite system of representatives for ker(0)/5 nker(0). Let X contain one element x for 
each x G X such that <p(x) = x so |X| = |X|. 

Let a G A. Then 0(a) = x0(6) for some x G X and b £ B. So 0(x~ 1 a6 _1 ) = e hence 
x~ l ab~ l G ker(0) and therefore x _1 a6 _1 = yA; for some y E Y and some k G 5 fl ker(0). 
Then a = xwfco. Now kb £ B and there are at most |X||y| = |X||y| choices for xy so the 
claim follows. □ 

Proof of Theorem \6.2 . Let c and d denote the maps in the previous propositions. The cor- 
respondence will be given by the map c on commensurability classes. By Corollary 16.14 any 
infinite ergodic invariant random subgroup v of A contains T up to finite index almost surely. 
By Proposition 16.2. H c*z/ is then an open ergodic invariant random subgroup of A//T. 
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Let v\ and z/ 2 be infinite ergodic invariant random subgroups of A such that v\ and v% 
are commensurate invariant random subgroups. Let a G P(S(A) x S(A)) be a joining of rji 
and 772 witnessing the commensuration. Define (3 G P(S(A//T) x S(A//T)) by (3 = (c x c)*a. 
Then /3 is a joining of c*Vi and c*^ that is clearly measure-preserving. Since, in general 
X n Y C X n F, for any L G 5(A), 

[c(#) : c(if) n c(L)] = [7(F) : 7(F) n r(Z)] < [HH) : r(ff)flr(L)]. 

For a-almost every H, L, we have that [H : H fl L] < 00 and since r is a homomorphism 
then [r(if) : r(H) flr(L)] < 00. Therefore [c(H) : c(F) flc(L)] < 00 since finite index passes 
to closures. Likewise, [c(L) : c(H) fl c(L)] < 00. 

Hence for /3-almost every M, Q, the subgroup M fl Q has finite index in both M and 
Q. Therefore (3 makes 0*771 and c*r? 2 commensurate invariant random subgroups. Hence c 
defines a correspondence from commensurability classes of infinite ergodic invariant random 
subgroups of A to commensurability classes of open ergodic invariant random subgroups of 

A//r. 

Now let ui and z/ 2 be infinite ergodic invariant random subgroups of A such that c*v\ 
and c*z/ 2 are commensurate open ergodic invariant random subgroups of A//Y. Let /3 G 
P(S(A//T) x S(A//T)) be a joining of c*i>\ and c*z/ 2 such that for /3-almost every M, Q, the 
subgroup MnQ has finite index in M and Q. Define z/3 = d^c^vx. Then by Proposition 
IB221 (iv). \d{c{L)) : L] < 00 for ^-almost every L G 5(A). Define p G P(5(A) x 5(A)) by 

P = J 5 L x $d(c(L)) dvi(L). 

Then p is a joining of z/i and z/3 and clearly L fl d(c(L)) = L has finite index in both L 
and d(c(L)) almost surely so p makes z/i and z/3 commensurate invariant random subgroups. 
Likewise z/ 2 and z/4 = d*c*z/2 are commensurate invariant random subgroups. Since commen- 
surability is an equivalence relation (Proposition I3.8[) . it is enough to show that z/ 3 and z/4 
are commensurate. 

Define a G P(S(A) x 5(A)) by a = (d x d)*/?. Then a is a joining of d*c*Ui = z/ 3 and 
d^u 2 = z/ 4 . By Proposition (ii), for open M, Q G S(A//T), d(M) n = d(M n Q). 
Observe that 1/3 and z/4 are infinite ergodic invariant random subgroup of A hence d(M) and 
d(Q) both contain T up to finite index almost surely. Then d(M fl Q) contains T up to finite 
index almost surely. For /3- almost every M, Q we also know that [M : M D Q] < 00. So by 
Proposition 16.2.21 (v), 

[d(M) : d(M) n d(Q)] = [d(M) : d(M n Q)] < 00 

almost surely. Hence for a-almost every H, L the subgroup H fl L has finite index in both 
so z/3 and z/4 are commensurate invariant random subgroups. Therefore the correspondence 
is one-one. 

Let r) G P(S(A//T)) be an open ergodic invariant random subgroup of A/fT. For M an open 
subgroup of A//Y we have that d(M) = t^ x (M D t(A)) is infinite since otherwise M fl t(A) 
is finite but r(A) is dense. Therefore 0^77 is an infinite invariant random subgroup of A and 
must be ergodic since c*d*T] = 77 by Proposition 16.2.21 (i). Therefore the correspondence is 
onto. □ 
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6.3 The Dichotomy for Actions of Commensurators 

We now are ready to state the conclusion of our study of stabilizer subgroups that will be 
the main ingredient in the various consequences we prove in the rest of the paper: 

Corollary 6.3. Let V < G be a lattice in a locally compact second countable group with 
property (T) and let A be a countable dense subgroup of G such that T < c A. 

Assume that for every ergodic measure-preserving action of G either the restriction of the 
action to A has finite stabilizers or the restriction of the action to V has finite orbits. 

Assume that every ergodic measure-preserving action of A//T with open stabilizer subgroups 
is necessarily on the trivial space. 

Then any ergodic measure-preserving action of A on a probability space either has finite 
orbits or has finite stabilizers. 

Proof. Let A r\ (X, v) be an ergodic measure-preserving action that does not have finite 
stabilizers. By the one-one correspondence theorem, the invariant random subgroup of sta- 
bilizer subgroups corresponds to an ergodic open invariant random subgroup 77 of H = A//T. 
This invariant random subgroup corresponds to an ergodic action of H with open stabilizer 
groups and so by hypothesis then r] = 5h meaning r(stabA(x)) = H for almost every x. 
By the one-one correspondence construction we then have that 

[A : stabA(x)] = [r _1 (stabA(x) fl t(A)) : stabA(x)] = [d(c(stab\(x))) : stabA(x)] < 00 

for almost every x. This means that almost every A-orbit is finite so by ergodicity (X, v) 
consists of exactly one such orbit. □ 

7 Howe-Moore Groups 

We now discuss the properties one can impose on the ambient group G to ensure that for 
every nontrivial ergodic measure-preserving action of G the restriction of the action to A has 
finite stabilizers. The main property we impose on the ambient group will be the Howe-Moore 
property. 

7.1 Actions of Subgroups of Simple Lie Groups 

The next fact is a consequence of the Stuck-Zimmer Theorem [SZ94j and also follows from 
earlier work by Zimmer, |Zim87] Lemma 6, and of Iozzi, |Ioz94] Proposition 2.1, showing 
that the stabilizers of any nontrivial irreducible action of a semisimple real Lie group are 
discrete. However, we opt to include the following elementary argument proving what we 
need directly. 

Theorem 7.1. Let G be a connected (real) Lie group with trivial center and let A < G 
be any countable subgroup. Let G rv (X, v) be a faithful weakly mixing measure-preserving 
action. Then the restriction of the action to A is essentially free. 

Proof. For x G X let C(x) be the connected component of the identity in the stabilizer 
subgroup stabc(a;). Let n(x) be the dimension of C(x). Then n(gx) is the dimension of 
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C(gx) = gC(x)g~ 1 hence n(x) is G-invariant. By ergodicity then n(x) = n is constant 
almost surely 

Since the action of G is weakly mixing, the diagonal action G rx (X 2 , v 2 ) is ergodic. Let 
rii(x, y) be the dimension of the connected component of the identity C(x,y) in stabc(x,y) 
and then nx(x,y) = rii is constant almost surely by ergodicity 

When n = 0, the stabilizer subgroup stab^x) is discrete for almost every x (since the 
stabilizer subgroup is closed). Assume now that n / 0. Since stab G (x,y) = stab^x) H 
stabo(y) we have that C(x,y) = C(x) fl C{y). Suppose that n = n\. Then for almost every 
x and y we have that C(x,y) — C(x) fl C(y) has the same dimension as G(x) and C(y). 

In general, if H < G are real Lie groups with the same dimension then H has finite index 
in G. If, in addition, G and H are connected then H = G. 

Therefore, if C(x,y) — C(x) fl C(y) has the same dimension as G(x) and C(y) then in 
fact C(x) = C(y). So if n > this then means there is a positive dimension subgroup in the 
kernel of the action contradicting that the action is faithful. So if n = n\ then n = rii = 0. 

So instead we have that rii < n. Proceeding by induction, since G acts ergodically on 
(X m , v m ) for any m G N, we conclude that for almost every x € X n+l the stabilizer subgroup 
stabc(a;) is discrete. 

The conclusion now follows from the following proposition. □ 

Proposition 7.1.1. Let G be a nondiscrete locally compact second countable group and 
A < G a countable subgroup such that A does not intersect the center of G. Let G r\ (X, u) 
be a measure-preserving action such that almost every stabilizer subgroup is discrete. Then 
the restriction of the action to A is essentially free. 

Proof. Fix a compact model of X where G acts continuously. Suppose the A-action is not 
essentially free. Then there exists A G A, A ^ e, such that E = {x G X : Xx = x} has 
positive measure. Let g n — > e such that g^^Qn ^ A for all n (possible as G is nondiscrete 
and A is not in the center of G). Then u(g n E AE) — > since G acts continuously. Take a 
subsequence along which u(g n EAE) < 2~ n ~ 1 v(E). Then 

v{E n f| g n E) = u(E) - u(EA f| g n E) > u(E) - ^ v{EAg n E) > -v{E) > 

n n n=l 

For x G E H (n n g n E) we have that Xx = x and g~ x Xg n x = x for all n, hence g^^Qn £ 
stabc(x) and A G stabc(x). But g^^Qn ^ X and g~ x Xg n —> X contradicting that stabc(a;) is 
discrete. □ 

Theorem 7.2. Let G be a product of noncompact connected simple locally compact second 
countable groups with the Howe-Moore property. Let A < G be a countable subgroup of G 
such that the A intersection with any proper subproduct of G is finite. Then the restriction 
of any nontrivial ergodic measure-preserving action of G to A has finite stabilizers. 

Proof. Let G rx (X, v) be a nontrivial ergodic action. Then the kernel of the action is 
some subproduct G' of the G-factors (as all are normal). Let G = G/G'. By a result of 
Rothman |Rot80] reproduced as Theorem I2.33[ each simple factor of Go being a Howe-Moore 
group that is simple and connected is necessarily a simple Lie group. Hence Gq is a minimally 
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almost periodic group, being a semisimple Lie group without compact factors, so any ergodic 
action of Go is weakly mixing. Since each factor is simple, Go has trivial center. Therefore 
Go rx (X,v) is a faithful weakly mixing action so Theorem 17.11 implies that proj Go A acts 
essentially freely. Therefore proj Go stabA(x) = {e} for almost every x hence stabA^) C G' 
and |A fl G'| < oo by hypothesis. □ 



7.2 Actions of Lattices in Howe-Moore Groups 

In the case when G is not connected we have a similar result: 

Definition 7.3. A countable discrete group V is locally finite when every finitely generated 
subgroup is finite. 

Theorem 7.4. Let G be a locally compact second countable group and V < G be a lattice in 
G. Let G rx (X, v) be an ergodic measure-preserving action of G such that the restriction 
of the action to T is mixing. Then either the kernel of the G-action is noncompact or 
stabr(x) = stabc(a;) fl T is locally finite almost surely. 

Proof. Let E = {x G X : stabr(x) is locally finite}. Then E is T-invariant. Assume that 
v{E) < 1. By ergodicity then v{E) = 0. Then stabr(x) contains a finitely generated infinite 
subgroup for almost every x. Since there are countably many finitely generated infinite 
subgroups of T, there exists an infinite finitely generated subgroup r < T and a positive 
measure set F C X such that r < stabr(:r) for each x G F. 

Since the action of T on (X, v) is mixing, we have that v{F) = 1 (as To is infinite so is 
unbounded in T and therefore must also be mixing but r acts trivially on F). Therefore r 
is contained in the kernel of the G-action which is therefore noncompact (as T is a lattice so 
To is unbounded in G). □ 

Corollary 7.5. Let G be a noncompact locally compact second countable group with the 
Howe-Moore property and V < G be a lattice. Let G rx (X, v) be a nontrivial ergodic 
measure-preserving action. Then stabr(x) is locally finite for almost every x. 

Proof. The Howe-Moore property applied to the Koopman representation for G rx (X, v) 
implies that G rx (X, v) is mixing (a result of Schmidt |Sch84] reproduced as Theorem 
I2.32p . Since T is a lattice in G then T rx (X, v) by restriction is also mixing. If stabr(x) 
is not locally finite almost surely then by Theorem 17.41 the kernel N of the G-action is a 
noncompact closed normal subgroup. Since G has Howe-Moore any proper normal subgroup 
is compact (Proposition 12.5. ip so the kernel is all of G. □ 

The following argument is due to R. Tucker-Drob |TD12] and we are grateful to him for 
allowing us to present it here: 

Corollary 7.6. Let G be a noncompact locally compact second countable group with the 
Howe-Moore property and V < G be a lattice. Let G rx (X, v) be a nontrivial ergodic 
measure-preserving action. Then stabr(x) is finite for almost every x. 
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Proof. (Tucker-Drob |TD12j ) By the previous corollary, the stabilizer subgroups are locally 
finite almost surely. Hall and Kulatilaka [HK64] showed that any infinite locally finite group 
contains an infinite abelian subgroup. 

Since G has Howe- Moore, the action is mixing and has compact kernel K. Let G' = G/K 
and T' = r/r n K . Then G' rx (X, v) is a faithful mixing action and V is a lattice in G' 
(and is a finite index subgroup of T). 

Let 7 6 f, 7 ^ e, such that there exists an infinite abelian subgroup A < V with 7 G A. 
Let E 1 = {x G X : 7a; = x}. Then for a G A, ^ax = a^x = ax so £7 7 is an A- invariant set. 
Since the action is mixing and faithful, and since A is infinite and discrete, ^(-E 7 ) = 0. 

Let F = {x G X : stabr'(x) contains an infinite abelian subgroup} and suppose v(F) > 
0. Since T' is countable there then exists some 7 7^ e such that u{x G F : 7X = x} > 0. But 
this contradicts the above since 7 is then contained in an infinite abelian subgroup. □ 

7.3 A Normal Subgroup of the Commensurator 

Proposition 7.3.1. Let T be a finitely generated countable group that is not virtually abelian 
and let A be a countable group such that T < c A. Let A rv (X, v) be a measure-preserving 
action such that stabA^) is infinite almost surely. 7/stab r (x) are finite on a positive measure 
set then A contains an infinite normal subgroup N < A such that [T : T R N] = 00. 

Proof. Since there are only countably many finite subgroups of T, let us assume there exists 
some finite subgroup E < T such that stabr(x) = S for all x G E where v{E) > 0. 
For A G A define the set 

E x = {x G X : \x = x} H E 

and denote by Y\ = T D ArA -1 the subgroup with finite index in T and ArA -1 . 

By hypothesis, v{E\) > for infinitely many A G A (since otherwise stabA(x) is finite 
for all x G E which has positive measure, see |Verl2j ). For such A, define E\ C X to be 
U 7e r A 7-E , A- For any e > there exists a finite set F C Y\ such that v(E\) — u(\J f & pfE\) < e. 
Take e = v{E\). Then there is a finite set F C T x such that uiUf^pfEx) > v(E\) — v(E\). 

Then for each 7 G T\ there exists / G F such that h>{jE\ n fE\) > because ^Ex C E\ 
and u^jEx) = v(E\). For x G f~ lr yExC\Ex we have that x e E, \x = x and X^" 1 fx = r y~ 1 fx, 
therefore 

A- 1 (/- 1 7)A(r 1 7)~ 1 a; = A- 1 (/- 1 7 )(/- 1 7 )- 1 x = A" 1 * = x 

and so A" 1 (/- 1 7)A(/- 1 7)- 1 G S. This in turn means that 7A7" 1 G /AS/" 1 C FASF" 1 . 
Since F and E are finite then the centralizer 

Cr A (A) = {7Gr A : 7 A7~ 1 = A} 

has finite index in T\. Therefore [r : Cr(A)] < 00 since Tx has finite index in T. 
Consider the subgroup 

iV = {A e A : [r : C r (A)] < 00} 

which is infinite by the above (it is a subgroup since Cp(Ai) fl Cr(A 2 ) C Cr(AiA 2 )). Since 
T < c A, for A G A, 

A A^A 1 = {A G A : [r : C r (A l XX )) < 00} 
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= {A G A : [r : A 1 C r (A)A ] < 00} 
= {A G A : [A rA 1 : C r (A)] < 00} 
= {A G A : [r : C r (A)] < 00} = N 

where the last line follows since T fl AorAg 1 has finite index in T by commensuration. 

Therefore N is an infinite normal subgroup of A. If [r : T fl N] < 00 then there exists 
r = T fl N of finite index in T such that for every 7 G T we have that [To : Cr (7)] < 00 • 
Hence for any finite set F C T we have that [r : C^ (F)] < 00. As T is finitely generated 
so is T so let S be a finite generating set of T and then Cr (S) has finite index in T . But 
Cr (S) commutes with T so T is virtually abelian hence so is T. □ 

7.4 Ensuring Actions of the Ambient Group "Behave" 

Theorem 7.7. Let G be a noncompact compactly generated locally compact second countable 
group with the Howe-Moore property. Let V < G be a lattice and let A < G be a dense 
subgroup such that V < c A. Assume that for every compact normal subgroup M <G we have 
that \M n A| < 00. 

Then for any nontrivial ergodic measure-preserving action of G the restriction of the 
action to A has finite stabilizers. 

Proof. By Corollary 17.61 since G has the Howe-Moore property almost every T-stabilizer 
is finite, hence the restriction of the action to V has finite stabilizers. Also, V is finitely 
generated since G is compactly generated. Since G is not a compact extension of an abelian 
group (being Howe-Moore), V cannot be virtually abelian. Suppose the restriction of the 
action to A does not have finite stabilizers. Then by Proposition 17.3. ll there exists an infinite 
normal subgroup N < A such that [r : V fl N] < 00. But T < A < G satisfy the hypotheses of 
the Normal Subgroup Theorem for Commensurators (Theorem 12.421) . as any proper closed 
normal subgroup is compact by Howe-Moore, so for any normal subgroup iV<iA we have that 
[r : rnA/] < oo or \N\ < 00. This contradiction means the A-action has finite stabilizers. □ 

7.5 Ensuring Actions of the Relative Profinite Completion "Behave" 

To handle invariant random subgroups coming from the relative profinite completion we also 
need: 

Theorem 7.8. Let H be a simple nondiscrete locally compact second countable totally discon- 
nected group with the Howe-Moore property. If H rx (X, v) is an ergodic measure-preserving 
action with open stabilizer subgroups then (X, v) is trivial. 

Proof. Suppose (X,u) is non trivial so that stab#(a;) 7^ H almost surely. For almost every 
x G X, since stab#(a;) is open in H and H has Howe- Moore then stab#(a;) is compact 
almost surely. There are only countably many compact open subgroups of H (as H is 
second countable) so there exists E C X with u(E) > and K a compact open subgroup 
such that stdb H (x) = K for all x G E. Now for h G H \ N H (K ) we have that hE C E = 
(since stab#(/ix) = hK^h' 1 for x G E). As v{E) > and u is preserved by H there exists 
a finite collection h±, h,2, ■ ■ ■ , h n G H such that X = YA^ =1 hjE. Then K = H^^hjKohJ 1 is a 
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compact open subgroup and K < stab#(x) for almost every x hence K is in the kernel of 
the if-action. As H is simple and K is nontrivial (since H is nondiscrete) then the kernel is 
all of H so X is trivial. □ 

Proposition 7.5.1. Let H — Hi x • • • x H m be a product of locally compact second countable 
groups where each Hj has the property that any ergodic measure-preserving action of Hj 
with open stabilizer subgroups is necessarily on the trivial space. Then any ergodic measure- 
preserving action of H with open stabilizer subgroups is necessarily on the trivial space. 

Proof. Let H rx (X, v) be an ergodic measure-preserving action. Let (S(H),i]) be the ergodic 
open invariant random subgroup corresponding to the (X, v) stabilizers. Fix j and consider 
the map pj : S(H) — > S(Hj) by Pj{L) = LdHj (meaning that Pi{L) = LfWix{e}x- • -x{e}). 
Treat S(Hj) as an if -space where Hi acts trivially on S(Hj) for i ^ j. Then pj is an if -map 
from (S(H),rj) to (S(Hj),r]j) where rjj = (pj)*r). 

Since //-almost every L e S(H) is open so is ^-almost every Lj < Hj. Since rj is H- 
ergodic, rjj is iij-ergodic hence corresponds to an ergodic action of Hj with open stabilizer 
subgroups (Theorem l3.3l) . By hypothesis then rjj = 5h ■ As this holds for each j, for //-almost 
every L < H we have that L D Hj = Hj hence (Hi, • ■ ■ , H m ) C L and therefore r] — 5h- So 
stabA^) = H for almost every x and therefore (X, v) is the trivial space. □ 

Proposition 7.5.2. Let H be a restricted infinite product Y[ Hj of locally compact second 
countable groups where each Hj has the property that any ergodic measure-preserving action 
of Hj with open stabilizer subgroups is necessarily on the trivial space. Then any ergodic 
measure-preserving action of H with open stabilizer subgroups is necessarily on the trivial 
space. 

Proof. This follows exactly as in the proof of Proposition 17.5.11 □ 



8 Actions of Commensurators in Howe-Moore (T) Groups 

Here we apply the results of the previous sections to derive concrete consequences about 
actions of commensurators in groups with Howe- Moore and property (T): 

Corollary 8.1. Let G be a noncompact locally compact second countable group with the 
Howe-Moore property and property (T). Let V < G be a lattice and A < G be a countable 
dense subgroup such that V < c A and such that A has finite intersection with every compact 
normal subgroup of G. 

Then any ergodic measure-preserving action of A either has finite stabilizers or the re- 
striction of the action to V has finite orbits. 

Proof. This follows from Corollary 15.21 and Theorem 17.71 □ 

Corollary 8.2. Let G be a noncompact locally compact second countable group with the 
Howe-Moore property and property (T). Let V < G be a lattice and A < G be a countable 
dense subgroup such that T < c A and such that A has finite intersection with every compact 
normal subgroup of G. 
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The commensurability classes of infinite ergodic invariant random subgroups of A are in 
one-one, onto correspondence with the commensurability classes of open ergodic invariant 
random subgroups of A//T. 

Proof. This follows from Theorem 16.21 and Theorem 17.71 □ 

Corollary 8.3. Let G be a noncompact locally compact second countable group with the 
Howe-Moore property and property (T). Let V < G be a lattice and A < G be a countable 
dense subgroup such that T < c A and such that A has finite intersection with every compact 
normal subgroup of G. 

Assume that A //V is isomorphic to a finite (or restricted infinite) product \\Hj such that 
each Hj is a simple nondiscrete locally compact second countable group with the Howe-Moore 
property. 

Then any ergodic measure-preserving action of A either has finite orbits or has finite 
stabilizers. 

Proof. By Theorem 17.71 any nontrivial ergodic action of G has finite stabilizers when re- 
stricted to A. Theorem 17.81 applied to each Hj says that open ergodic invariant random 
subgroups of Hj correspond to the trivial space. Theorem 16.31 combined with Propositions 
17.5.11 and 17.5.21 then gives the conclusion. □ 

Corollary 8.4. Let G be a product of connected noncompact locally compact second countable 
groups with the Howe-Moore property and property (T) . Let V < G be a lattice and A < G 
be a countable dense subgroup such that V < c A and such that A has finite intersection with 
every proper closed normal subgroup of G. 

Assume that A//T is isomorphic to a finite (or restricted infinite) product Y[ Hj such that 
each Hj is a simple nondiscrete locally compact second countable group with the Howe-Moore 
property. 

Then any ergodic measure-preserving action of A either has finite orbits or has finite 
stabilizers. 

Proof. By Theorem 17.21 any nontrivial ergodic action of G has finite stabilizers when re- 
stricted to A. Theorem 17.81 applied to the Hj shows that any ergodic action of Hj with open 
stabilizers is on the trivial space. Theorem 16.31 combined with Propositions 17.5.11 and 17.5.21 
then gives the conclusion. □ 

9 Actions of Lattices in Products of Howe-Moore (T) Groups 

A consequence of the previous results is a generalization of the Bader-Shalom Normal Sub- 
group Theorem for Lattices in Product Groups to measure-preserving actions for certain 
product groups: 

Theorem 9.1. Let G be a product of at least two simple nondiscrete noncompact locally 
compact second countable groups with the Howe-Moore property, at least one of which has 
property (T), at least one of which is totally disconnected and such that every connected 
simple factor has property (T). Let V < G be an irreducible lattice. 
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Then any ergodic measure-preserving action of Y either has finite orbits or has finite 
stabilizers. 

Proof. Write Go to be the product of all the connected simple factors of G. In the case when 
there are no connected simple factors instead take Go to be a simple factor with property (T). 
Write H to be the product of all the simple factors not in Go- So H is totally disconnected 
and nondiscrete. 

Write G = Gq x H and let K be a compact open subgroup of H. Let L = Y fl (Go x K). 
Then proj^ L is dense in K since V is irreducible. L is a lattice in Go x K since K is open. 

Set T = proj Go L. Since K is compact, T has finite covolume in Go since L does in 
G x K. Moreover, T is discrete since L is discrete. Therefore T is a lattice in Go- 

Set A = proj Go Y. Then A is dense in Go since Y is irreducible and Y < c A since 
K< C H. 

By Propositions 12 . 1 .51 and l2TT~4"t Y//L is isomorphic to H/ker(rH,K) since proj : Y — > H is a 
homomorphism with dense image and pullback of K equal to L. Since ker(r^ i ^-) is contained 
in K and H is semisimple then the kernel is trivial so Y//L is isomorphic to H. 

Set N = Y f] {e} x H and write M for the subgroup of H such that N = {e} x M. Then 
N <Y since {e} x H < G x H and M is discrete in H so M = proj^ N < proj^ r = H by 
the irreducibility of Y. Since H is simple, M is trivial so T fl {e} x H is trivial. This means 
that proj G : T — )■ A is an isomorphism and so A /r — if. 

By Corollary 18. 3l or Corollary 18.41 (depending on whether Go is a single factor or a product 
of connected factors) then any ergodic measure-preserving action of Ao either has finite orbits 
or has finite stabilizers. The same then holds for T ~ Ao. □ 

We remark that the above construction, writing an irreducible lattice in a product of 
nondiscrete groups, at least one of which is totally disconnected, as the commensurator of a 
lattice in one of the groups can also be reversed: 

Theorem 9.2. Let Y be a lattice in a locally compact second countable group G and let A 
be a subgroup of G such that Y < c A. Then A sits diagonally as a lattice in G x (A/T). 

Proof. Let r : A — > A//Y be the map defining the relative profinite completion and let 

A = {(A,r(A)):AeA}<Gx(A//r) 

be the diagonal embedding of A. 

Let F be a fundamental domain for G/Y: F is of finite volume, F PI Y = {e} and 
Y ■ F = G. Let K = r(Y) be the canonical compact open subgroup. Let A G A fl F x K . 
Then A = (A,r(A)) for some A G A n F such that r(A) G K. Now K = t(Y) and by 
Proposition I2.1.3[ K fl r(A) = r(Y) so r(A) G t(Y) meaning that A G Y (as the kernel of r 
is contained in Y). But AGAnFsoAGrri-F = {e}. Therefore F x K is a subset of 
G x (A/r) of finite volume such that A fl F x K = {e} and, in particular, A is discrete in 
G x (A//r). 

Let (g, h) G G x A.//T be arbitrary. Write h = T(X')k' for some A' G A and k' G K. Write 
(\')- l g = 7/ for some 7 G T and f E F. Set A = X'j. Then r(A)r( 7 - 1 )A;' = r(X')k' = h and 
jfc = r( 7 - 1 )A;' G if. Also g = A'7/ = A/. Therefore (g, h) = (A, r(A))(/, fc) G A • (F x AT). 

Therefore F x K is a fundamental domain for A hence A is a lattice as claimed. □ 
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We remark that if both G and A//T are semisimple with finite center then A sits as an 
irreducible lattice if and only if T is irreducible and A is dense. 

A consequence of this reverse construction is a special case of the Normal Subgroup 
Theorem for Commensurators [CS12J following immediately from the Bader-Shalom Normal 
Subgroup Theorem for lattices in products: 

Corollary 9.3. Let T be an irreducible integrable lattice in a just noncompact locally compact 
second countable group G and let A be a dense subgroup of G such that F < c A. Assume that 
A//T is just noncompact. Then A is just infinite. 

Proof. Write A as an irreducible lattice in the product G x A//Y. Observe that A will be 
integrable (as a lattice) since V is. As the relative profinite completion is totally disconnected, 
it is not isomorphic to R and therefore the Bader-Shalom Normal Subgroup Theorem implies 
that A has no nontrivial normal subgroups of infinite index. □ 

10 Commensurators and Lattices in Lie Groups 

The primary example of a class of groups our results apply to is commensurators of lattices 
and lattices in higher-rank Lie groups. 

10.1 Actions of Commensurators in Semisimple Higher-Rank Lie Groups 

Theorem 10.1. Let G be a semisimple Lie group (real or p-adic or both) with finite center 
where each simple factor has rank at least two. Let V < G be an irreducible lattice. Let 
A < G be a countable dense subgroup such that T < c A and that A has finite intersection 
with every proper subf actor of G. 

Then any ergodic measure-preserving action of A either has finite stabilizers or the re- 
striction of the action to V has finite orbits. 

Moreover, the commensurability classes of infinite ergodic invariant random subgroups of 
A are in one-one, onto correspondence with the commensurability classes of open ergodic 
invariant random subgroups of A//T. 

Proof. First note that if we show that the commensurability classes are in one-one, onto 
correspondence then any ergodic measure-preserving action of A that does not have finite 
stabilizers must have finite T-orbits since any infinite ergodic invariant random subgroup of 
A then contains T up to finite index. So we need only prove the one-one correspondence. 

The case when G is a real Lie group follows from Corollary 18.21 combined with Theorem 
17.21 and the case when G is simple follows from Corollary 18.21 directly since every factor in 
G has Howe-Moore and property (T). 

So we may assume that G has at least two factors, at least one of which is totally dis- 
connected. By Theorem 19.11 any measure-preserving ergodic action of T either has finite 
stabilizers or has finite orbits. In particular, if G r\ (X, v) is a measure-preserving ergodic 
action such that the restriction to T does not have finite orbits then there must exist a 
positive measure T-invariant subset where the T-stabilizers are finite. Since A rx (X, v) is 
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ergodic we may then apply Proposition 17.3.11 and the Normal Subgroup Theorem for Com- 
mensurators to conclude that the restriction of the action to A has finite stabilizers. So 
r < c A < G satisfy the hypotheses of Theorem 16.21 and the result follows. □ 

10.2 Relative Profinite Completions of Arithmetic Lattices 

Theorem 10.2. Let K be a global field, let O be the ring of integers, let V be the set of 

places (inequivalent valuations) on K, let Vqo be the infinite places (archimedean valuations 
in the case of a number field) and let K v be the completion of K over v G V . 

Let Voo C S C V be any collection of valuations and let Os be the ring of S-integers: 
Os = {k G K : v{k) > for all v ^ S}. Let O v = Cy^uM be the ring of v -integers and let 
O v be the closure of the v-integers in K v . 

Let G be a simple algebraic group defined over K . Then for C S' C S , the relative 
profinite completion G(Os) //G(Os') is isomorphic to the restricted product 

i 

) [ G(K V ) = {(g v )v€S\s' ■ 9v G(O v ) for only finitely many v G S\ S'}. 

ves\S' 

Proof. That G(Og') is commensurated by G(Os) follows from the fact that any fixed el- 
ement in Os has a negative valuation on only finitely many valuations in S \ S'. Let 
ip : G{Os) — > T[' v es\s' G(K V ) be the natural diagonal embedding. Then ip(G(Os)) is 
dense (since S' contains V x ) and vHllUsvs' G (°«)) = G(O s >). By Proposition EXH 
G(O s )//G(O s >) is isomorphic to U'ves\S' G (^)//IlUs\5' G{0^). By Proposition EH it is 
isomorphic to n«es\s' G(K V )/M where M is the largest closed normal subgroup contained in 
n^es\s' G{O v ). Since G is simple, the only normal subgroups are of the form nUs" G(K V ) 
for S" C S \ S'. But M is contained in the f-integers for each v G S \ S' so M must be 
trivial. □ 

Corollary 10.3. Let G be a simple algebraic group over Q and let S' C S be sets of primes 
containing oo. Then the relative profinite completion G(z^) /G(z s /) is isomorphic to the 
restricted product Yl' P £S\s' G(Q P ) ■ In particular G(Q)/G(z) is isomorphic to ripep G(Q P ) 
where P is the set of all primes. 

10.3 Actions of Lattices in Semisimple Higher-Rank Lie Groups 

Corollary 10.4. Let G be a semisimple Lie group (real or p-adic or both) with no compact 
factors, finite center, at least one factor with rank at least two and such that each real simple 
factor has rank at least two. Let V < G be an irreducible lattice. Then any ergodic measure- 
preserving action of V either has finite orbits or has finite stabilizers. 

Proof. By Margulis' S'-Arithmeticity Theorem, and using that compact kernels and commen- 
suration do not affect the conclusion, we may assume Y = G(Zs') and G = n p esu{oo} G(Q P ) 
where G is a semisimple algebraic group over Q and S is a finite set of primes containing oo. 
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First observe that since V is irreducible, the intersection of T with any proper subf actor of 
G is finite (that is, G(z,s) fl n p es\Q G(Q P ) is finite for any nonempty Q C S since the lattice 
is embedded diagonally). Also, T has finite intersection with any compact factor because 
the original choice of G has no compact factors. 

The case when every simple factor of G is real reduces to the Stuck-Zimmer Theorem 
(Theorem 12.411) . So instead we may assume there is some p-adic factor in G. The case 
when G is a simple p-adic group (i.e. there is only one factor) is also covered by the work of 
Stuck and Zimmer since in this case there is no issue with action of G being nonirreducible 
(however, in the case when there are two factors, such an issue does arise and their work 
does not apply). The reader is referred to the final section of |SZ94j for the details. 

Therefore we may assume that there are at least two noncompact simple factors, one of 
which is totally disconnected, so combined with the fact that each noncompact simple factor 
of G(Q P ) is Howe- Moore, Theorem 19. II then implies the conclusion. □ 

Corollary 10.5. Let G be a semisimple Lie group (real or p-adic or both) with no compact 
factors, trivial center, at least one factor with rank at least two and such that each real 
simple factor has rank at least two. Let V < G be an irreducible lattice. Then any ergodic 
measure-preserving action ofT on a nonatomic probability space is essentially free. 

Proof. Let V rx (X, v) be an ergodic measure-preserving action on a nonatomic probability 
space. Corollary 110.41 implies that the action either has finite stabilizers or has finite orbits. 
The case of finite orbits is ruled out by the space being nonatomic so the action has finite 
stabilizers. For a finite subgroup F < V let Ep = {x G X : stab(x) = F}. Since there are 
only countably many finite groups there is some F with v{Ep) > 0. Since gE F = E gFg -i, 
u(EgFg-i) = v{Ef) for all g so there are at most a finite number of finite groups appearing 
as stabilizers. Therefore there is a subgroup r < T of finite index such that r normalizes 
the finite subgroup F. Then F < To and To is a lattice in G hence by Margulis' Normal 
Subgroup Theorem |Mar91j . F is contained in the center of G. Therefore F is trivial so all 
the stabilizer groups are trivial. □ 



10.4 Actions of Rational Groups in Simple Higher-Rank Lie Groups 

Corollary 10.6. Let G be a simple algebraic group defined over Q with p-rank at least two 
for some prime p, possibly oo, such that G(r) is either compact or has rank at least two. 
Let S be any (finite or infinite) set of primes containing oo and p. Then every ergodic 
measure-preserving action of G{z s ) either has finite orbits or has finite stabilizers. 

Proof. The case when S contains only one prime q, possibly oo, such that G(Q 9 ) is non- 
compact is a consequence of Corollary 110.41 So assume S contains more than one such 
prime. Let S' = {p, oo}. By Theorem 110.21 the relative profinite completion G(Zg)/G(z s /) 
is isomorphic to n p es\s" G(Q P ). The above facts about Lie groups imply that each factor 
of the relative profinite completion has Howe-Moore. Therefore Corollary 18.31 applied to 
G(Z S /) < c G(Z 5 ) < n„es" G(Q P ) (recall Qoc = R) implies the result. □ 
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Corollary 10.7. Let G be a simple algebraic group defined over Q with p-rank at least two 
for some prime p, possibly oo, such that G(r) is either compact or has rank at least two. 
Then every nontrivial ergodic measure-preserving action o/G(Q) is essentially free. 

Proof. Since G is simple as an algebraic group over Q the group G(Q) has no finite normal 
subgroups and therefore the previous corollary implies the conclusion. □ 

10.5 Actions of Rational Groups in Simple Higher-Rank Groups 

Theorem 10.8. Let K be a global field, let O be the ring of integers, let V be the set of 

places (inequivalent valuations) on K, let Voo be the infinite places (archimedean valuations 
in the case of a number field), let K v be the completion of K over v G V and let O v be the 
ring of v -integers. Let and let Os be the ring of S -integers. 

Let G be a simple algebraic group defined over K such that G has VQ-rank at least two for 
some v q G S (possibly in V^), G(K V ) is noncompact for some v G S, v ^ v , and G(K Voo ) 
is compact or of higher-rank for all G . Then every ergodic measure-preserving action 
of G(Os) either has finite orbits or has finite stabilizers. 

Proof. Let 5" = U {v }. Let T = G(O s >), let A = G(O s ) and let G = Y\ v eS> G ( K v)- 
Then T < c A and A is dense in G (since S contains some valuation v ^ v o where G(K V ) is 
noncompact). T is an irreducible lattice in G and each simple factor of G has property (T) 
and the Howe-Moore property. 

By Theorem 110.21 A//T is isomorphic to nles\s' G(-Kw) which is a product of simple 
locally compact groups with the Howe- Moore property. Corollary 18.31 applied to F < c A < G 
then implies the result. □ 

Corollary 10.9. Let G be a simple algebraic group defined over a global field K with v-rank 
at least two for some place v such that the v^-rank is at least two for every infinite place 
Voo. Then every nontrivial ergodic measure-preserving action of G(K) is essentially free. 
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